
Can a Computer Do the Same?

Consider the following argument:

If Superman were able and willing to prevent evil, he would do so. If Superman were unable to prevent

evil, he would be impotent; if he were unwilling to prevent evil, he would be malevolent. Superman does

not prevent evil. If Superman exists, he is neither impotent nor malevolent. Therefore, Superman does

not exist.

Can we prove that this argument is correct?

Or that “Superman does not exist” follows from the premises?

Actually, we can mathematically or logically prove the validity of this argument

Could a computer do the same? Or do more complex proofs?
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Killing Superman

If Superman were able and willing to prevent evil, he would do so. If Superman were unable to prevent evil, he would be

impotent; if he were unwilling to prevent evil, he would be malevolent. Superman does not prevent evil. If Superman exists,

he is neither impotent nor malevolent. Therefore, Superman does not exist.

• The validity of this argument has to do with the “logical structure” of
the information involved

• To make this structure more clear, we get rid of contingent details and
introduce names to denote “basic propositions” in this argument

• The following “propositional variables” denote the “atomic sentences
or statements”

a: Superman is able to prevent evil

w: Superman is willing to prevent evil

i: Superman is impotent

m: Superman is malevolent

p: Superman prevents evil

e: Superman exists
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• The main propositions in the argument can be represented
using these basic propositions and the “logical connectives”:

ϕ0: (a ∧ w)→ p

ϕ1: (¬a→ i) ∧ (¬w → m)

ϕ2: ¬p

ϕ3: e→ (¬i ∧ ¬m)

• The whole argument can be represented by the formula:

ψ : (ϕ0 ∧ ϕ1 ∧ ϕ2 ∧ ϕ3) → ¬e
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• Proving that this is a valid argument amounts to proving that it is
always true, no matter if the atomic sentences are true or false

• So, we could try all the combinations of “truth values” for the atomic
sentences

It is possible to check that no matter what truth value a, w, i,m, p, e
take, ψ always takes the truth value 1

A bit cumbersome ...? Too many combinations to check ...?1 (26)

• What about reasoning as we do when we do mathematical proofs?

• For example, try to “derive” ¬e by backward reasoning, going back
to the hypothesis ...

1Checking if a formula is always true by checking its truth table is an exponential time algorithm in the number
of propositional variables in the formula (or the length of the formula). It is not known if there is a polynomial time
algorithm to solve this problem.
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Contrapositive of ϕ3: ¬(¬i ∧ ¬m)→ ¬e

Try to prove: ¬(¬i ∧ ¬m), i.e. i ∨m (*)

Now from ϕ1 we get: ¬a→ i

Then, instead of proving (*), it is good enough to prove ¬a ∨m
(¬a replaced for i)

Again from ϕ1 we get: ¬w → m

Then, it is good enough to prove ¬a ∨ ¬w (same idea), i.e. ¬(a ∧ w)

From ϕ0 we get ¬p→ ¬(a ∧ w) (contrapositive)

We need to prove: ¬p

But it is given directly by ϕ2 We are done!

• Any other way to do this proof?

6



• What about a “proof by contradiction”?

• We assume that what we want to prove is not true, then false, i.e. its
negation is true

We add ¬¬e, i.e. e to our set of hypothesis and we try to derive
“a contradiction”, i.e. a sentence that is always false

From ϕ3 we obtain: ¬i ∧ ¬m, i.e. ¬i and ¬m (**)

Now from ϕ1 we obtain both ¬a→ i and ¬w → m, whose
“contrapositives” are ¬i→ a and ¬m→ w, resp.

Combining them with those in (**), we obtain: a and w, i.e. a ∧ w

From ϕ0 we obtain: p

This combined with ϕ2 gives the contradiction: p ∧ ¬p Done!
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• What about having a computer doing this proof?

• Let us try with the Otter theorem prover ...

Input:

set(binary_res).

formula_list(usable).
(a & w) -> p.
(-a -> i) & (-w -> m).
-p.
e -> (-i & -m).
end_of_list.

formula_list(sos).
e.
end_of_list.

Run with: C:\> otter < superman.in > sup.out

8



Output: (extract)
----- Otter 3.3, August 2003 -----
The process was started by a Windows user on a Windows machine,
Wed Aug 22 16:09:15 2007 The command was "otter".

set(binary_res).
dependent: set(factor).
dependent: set(unit_deletion).

formula_list(usable).
a&w->p. (-a->i)& (-w->m). -p. e-> -i& -m.
end_of_list.

-------> usable clausifies to:

list(usable).
1 [] -a|-w|p.
2 [] a|i.
3 [] w|m.
4 [] -p.
5 [] -e| -i.
6 [] -e| -m.
end_of_list.
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formula_list(sos).
e.
end_of_list.

-------> sos clausifies to:

list(sos).
7 [] e.
end_of_list.

======= end of input processing =======
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=========== start of search ===========

given clause #1: (wt=1) 7 [] e. ** KEPT (pick-wt=1): 8
[binary,7.1,6.1] -m. ** KEPT (pick-wt=1): 9 [binary,7.1,5.1]
-i. 8 back subsumes 6. 9 back subsumes 5.

given clause #2: (wt=1) 8 [binary,7.1,6.1] -m. ** KEPT
(pick-wt=1): 10 [binary,8.1,3.2] w. 10 back subsumes 3.

given clause #3: (wt=1) 9 [binary,7.1,5.1] -i. ** KEPT
(pick-wt=1): 11 [binary,9.1,2.2] a. 11 back subsumes 2.

given clause #4: (wt=1) 10 [binary,8.1,3.2] t. ** KEPT
(pick-wt=0): 12 [binary,10.1,1.2,unit_del,11,4] $F.

-----> EMPTY CLAUSE at 0.00 sec ---->
12 [binary,10.1,1.2,unit_del,11,4] $F.

Length of proof is 4. Level of proof is 2.
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The clean proof is provided:2

---------------- PROOF ----------------

1 [] -a| -w|p.
2 [] a|i.
3 [] w|m.
4 [] -p.
5 [] -e| -i.
6 [] -e| -m.
7 [] e.
8 [binary,7.1,6.1] -m.
9 [binary,7.1,5.1] -i.
10 [binary,8.1,3.2] w.
11 [binary,9.1,2.2] a.
12 [binary,10.1,1.2,unit_del,11,4] $F.

------------ end of proof -------------

2Sometimes the proofs themselves, apart from knowing that they exist, can be relevant: useful information can be
extracted from a proof.
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Search stopped by max_proofs option.

============ end of search ============

-------------- statistics -------------
clauses given 4 clauses generated 5

binary_res generated 5

----------- times (seconds) -----------
user CPU time 0.20 (0 hr, 0 min, 0 sec)

That finishes the proof of the theorem.

Process 0 finished Wed Aug 22 16:09:15 2007

Otter reasons by contradiction, targeting the particular contradictory
formula $F.

The .in and .out files for proofs with Otter can be found all at:

http://www.scs.carleton.ca/˜bertossi/complog/progfiles
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Remarks:

• The contradiction “$F.”, that Otter reaches does not depend on the
vocabulary of the input specification

• Compare with the contradiction p ∧ ¬p obtained in slide 7, which
does depend on the specification)

• Having a fixed, universal contradiction allows for the design of
heuristics and mechanisms that always target the same formula (as
opposed to a moving target)

Exercise: Redo the Superman
example with Prover9, Otter’s
successor (the input file is a bit
different)
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Example: Consider the following set of propositional formulas Σ

a ∧ b ∧ c −→ f (1)

d ∧ e −→ f (2)

a (3)

b (4)

c (5)

d (6)

e (7)

We want to prove that Σ |= f ; equivalently, that Σ ∪ {¬f} is an
inconsistent set of formulas

Otter transforms the initial set of formulas into a logically equivalent set
of clauses, i.e. formulas of the form l1 ∨ l2 ∨ · · · ∨ ln, where each li
is a propositional variable or a negation of one

For example, formula (1) is transformed into: ¬a ∨ ¬b ∨ ¬c ∨ f
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• Binary resolution: The standard case of a resolution (deductive) step

Two complementary literals are deleted, one from each clause,
without restriction on the clauses

For example: p ∨ ¬q ∨ r
s ∨ q ∨ ¬t

−−−−−− (canceling the literals in red)
p ∨ r ∨ s ∨ ¬t

It can be set in the Otter file

Similarly, other forms of (resolution-based) deductive steps can be
set or unset (see example below)
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We invoke Otter with the following list of formulas:

set(binary_res). clear(unit_deletion). clear(factor).

formula_list(usable).
a & b & c -> f.
d & e -> f.
a.
b.
c.
d.
e.
end_of_list.

formula_list(sos). -f. end_of_list.
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• Binary resolution is assumed by default by Otter

Assuming or explicitly declaring binary resolution implies the
automatic use by Otter of the rules “unit deletion” and “factor”

In the example above, we do not want to use the last two, because,
although O.K., they are “non standard”, “derived” deduction rules

We want to illustrate standard behavior

(In particular, with binary resolution only, proofs will be similar to
those in logic programming)

So, with set and clear different modes are turned on and off , resp.
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• We want Otter to reach a contradiction

The clauses have been split (by the user) into the two main sets, the
usable and the set of support (sos)

• Intuitively, we are forcing Otter to start from the negation of what we
want to prove, i.e. ¬f , that was placed in the sos

• The lists of formulas in usable and sos are transformed into
clauses:

-------> usable clausifies to:
list(usable).
1 [] -a| -b| -c|f.
2 [] -d| -e|f.
3 [] a. 4 [] b. 5 [] c.
6 [] d. 7 [] e.
end_of_list.

-------> sos clausifies to:
list(sos). 8 [] -f.
end_of_list.
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Corresponding to the formulas:

¬a ∨ ¬b ∨ ¬c ∨ f

¬d ∨ ¬e ∨ f

a b c

d e ¬f
• Before describing the proof by Otter: clauses and literals have

weights assigned by the user or by the system (by default)

By default, Otter assigns weight 1 to each propositional variable;
negative literals also get weight 1

The relationship between the weights of complementary literals is
given by the formula weight(¬p) = weight(p) + neg weight

Since the latter flag has not been specified by the user, it is given by
default the value 0
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The weight of a clause is the sum of the weights of the literals in it;
then, e.g. the weight of clause ¬a ∨ ¬b ∨ ¬c ∨ f is 4

Intuitively, heavier clauses are less likely to be dragged into a
resolution (lower priority)

In particular, this makes it easier to apply resolution to the “ideal case”
of just two complementary literals

Refutation by Otter: (part of)

=========== start of search ===========
given clause #1: (wt=1) 8 [] -f.

** KEPT (wt=2):
9 [binary,8.1,2.3] -d| -e.

** KEPT (wt=3):
10 [binary,8.1,1.4] -a| -b| -c.

9 back subsumes 2.
10 back subsumes 1.
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In this first step Otter chooses the lightest clause from the sos list, i.e.
¬f
With element ¬f , all the possible resolutions with elements in the
usable list will be performed, in this case, with the clauses 2 and 1
(in that order), generating the new elements:

9 ¬d ∨ ¬e
10 ¬a ∨ ¬b ∨ ¬c

which get weights 2 and 3, resp.

These formulas go into the refreshed sos list (from which ¬f is
eliminated)

Before, continuing applying resolution, Otter discovers that these clauses
imply (subsume) formulas 2 and 1, resp.
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Then, 1 and 2 are eliminated from the usable list, which will now
contain only 3 - 7

Now the lightest clause in the sos is chosen: 9

given clause #2: (wt=2)
9 [binary,8.1,2.3] -d| -e.

** KEPT (wt=1):
11 [binary,9.1,6.1] -e.

----> UNIT CONFLICT at 0.02 sec
----> 12 [binary,11.1,7.1] $F.

In this second step, Otter checks the new sos list, chooses the lightest
clause, i.e. ¬d ∨ ¬e with weight 2, and applies resolution

It first resolves with d, obtaining ¬e, and it then realizes that a UNIT
CONFLICT is produced with the element e: an application of binary
resolution to the unit clauses (i.e. literals) e and ¬e leads to the empty
clause
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The refutation has been successful and the process terminates

After this, Otter presents the complete proof, but pruning out those parts
of the search and resolutions that are not needed in the successful
refutation

---------------- PROOF ----------------
2 [] -d| -e|f.
6 [] d.
7 [] e.
8 [] -f.
9 [binary,8.1,2.3] -d| -e.
11 [binary,9.1,6.1] -e.
12 [binary,11.1,7.1] $F.

------------ end of proof -------------

• Notice that not all the hypothesis were use in the proof

This can be valuable information since the inconsistency can be
“localized”
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• Playing with weights can be useful to explore other regions of the
search space

This can be useful if different refutations need to be found, each of
them giving different information, e.g. if we want to find possible and
different diagnosis for the malfunctioning of a specified system

Or to get all the answers to a query

There may be different underlying contradictions between the
specification of the system and a set of observations

The default weights and default strategy will always lead to the same
and only diagnosis

Assigning adequate weights to the literals, we can make Otter follow
a specific search strategy (e.g. the one of Prolog)
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Example: Same as before, but now with non-default weights

In order to infer f , we want Otter to use the formula

a ∧ b ∧ c −→ f (8)

rather than the formula
d ∧ e −→ f (9)

We increase the weight of clause (9) wrt that of clause (8) by
assigning weight 2 to variables d and e, and these new weights are
to be considered when picking up clauses from the sos list

set(binary_res).
clear(unit_deletion).
clear(factor).
weight_list(pick_given).
weight(d,2).
weight(e,2).
end_of_list.

formula_list(usable).
a & b & c -> f.
d & e -> f.
a. b. c. d. e.
end_of_list.
formula_list(sos). -f.
end_of_list.
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The preliminary transformations are the same

=========== start of search ===========
given clause #1: (wt=1) 8 [] -f.

** KEPT (wt=4):
9 [binary,8.1,2.3] -d| -e.

** KEPT (wt=3):
10 [binary,8.1,1.4] -a| -b| -c.

9 back subsumes 2. 10 back subsumes 1.

Otter chooses from the sos the lightest clause ¬f ; next performs all
resolutions between ¬f and the clauses in the usable, in this case with
clauses 2 and 1, generating

9 ¬d ∨ ¬e
10 ¬a ∨ ¬b ∨ ¬c

with weights 4 and 3, resp., because

weight(¬d ∨ ¬e) = weight(¬d) + weight(¬e),
weight(¬x) = weight(x) + neg weight
neg weight = 0 (by default)
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The execution so far has been as before, but different weights
have been generated; which is relevant for the next step

9 and 10 are the new clauses in sos, from which ¬f has been
eliminated

The subsumed clauses 2 and 1 are eliminated from usable

given clause #2: (wt=3)
10 [binary,8.1,1.4] -a| -b| -c.

** KEPT (wt=2):
11 [binary,10.1,3.1] -b| -c.

** KEPT (wt=2):
12 [binary,10.2,4.1] -a| -c.

** KEPT (wt=2):
13 [binary,10.3,5.1] -a| -b.

11 back subsumes 10.

In the second step, Otter checks the sos and chooses the lighter clause
10, i.e. ¬a ∨ ¬b ∨ ¬c, and performs all possible resolutions with the
set usable, i.e. with clauses 3, 4 and 5, generating the clauses:
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11 ¬b ∨ ¬c
12 ¬a ∨ ¬c
13 ¬a ∨ ¬b,

which go, together with clause 9, into the new sos

In the third step, Otter checks sos again, searching for the lightest
clause

Since there are three clauses with the lowest weight 2, Otter chooses
according to the order in which they are stored, in this case, first 11

These are the steps originated from this element:

given clause #3: (wt=2)
11 [binary,10.1,3.1] -b| -c.

** KEPT (wt=1):
14 [binary,11.1,4.1] -c.

----> UNIT CONFLICT at 0.11 sec
----> 15 [binary,14.1,5.1] $F.
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Otter performed a resolution with literal b, obtaining ¬c; and next, it
discovers that there is a conflict between this literal and the element c
in the usable list

The empty clause is reached and the refutation is finished; and the
simplified version of the proof is returned:

---------------- PROOF ----------------

1 [] -a| -b| -c|f.
3 [] a.
4 [] b.
5 [] c.
8 [] -f.
10 [binary,8.1,1.4] -a| -b| -c.
11 [binary,10.1,3.1] -b| -c.
14 [binary,11.1,4.1] -c.
15 [binary,14.1,5.1] $F.

------------ end of proof -------------
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Other Examples and Issues:

• Using Unit Deletion

set(binary_res).
dependent: set(unit_deletion).

% File given by the user
list(usable).
-p | -q | -r.
p. q.
end_of_list.
list(sos).
r.
end_of_list.

% Result returned by Otter
given clause #1: (wt=1)

4 [] r.

** KEPT (wt=0):
5 [binary,4.1,1.3,unit_del,2,3] $F.

-----> EMPTY CLAUSE at 0.00 sec
----> 5 [binary,4.1,1.3,unit_del,2,3] $F.

Unit resolution is applied to two clauses, and at least one of them is
a unit clause (a single literal)
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Unit deletion is applied to a resolvent (that will then go into the sos)
from which one eliminates the literals that are complementary to
literals in the usable or sos lists (because the same could be achieved
by a sequence of unary resolutions, but making things longer)

• Elimination of Unit Deletion (same example)

set(binary_res). clear(unit_deletion).
% Result returned by Otter
given clause #1: (wt=1)

4 [] r.

** KEPT (wt=2):
5 [binary,4.1,1.3] -p| -q.

5 back subsumes 1.

given clause #2: (wt=2)
5 [binary,4.1,1.3] -p| -q.

** KEPT (wt=1):
6 [binary,5.1,2.1] -q.

----> UNIT CONFLICT at 0.02 sec
----> 7 [binary,6.1,3.1] $F.
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• Elimination of repeated literals

list(usable).
q | p | r.
end_of_list.
list(sos).
p | -q.
end_of_list.

% Part of result returned by Otter
given clause #1: (wt=2)
2 [] p| -q. ** KEPT (wt=2):
3 [binary,2.2,1.1,factor_simp] p|r.
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• Elimination of a clause for having too many literals

list(usable).
a | -b | -g.
b | -c | -h.
c | -d | -i.
d | -e | -j.
e | -f | -k. end_of_list.

list(sos).
-a.

end_of_list.
% Result returned if max_literals
% has not been defined
given clause #1: (wt=1)

6 [] -a. ** KEPT (wt=2):
7 [binary,6.1,1.1] -b| -g.

7 back subsumes 1.
given clause #2: (wt=2)

7 [binary,6.1,1.1] -b| -g.

** KEPT (wt=3):
8 [binary,7.1,2.1] -g| -c| -h.

given clause #3: (wt=3)
8 [binary,7.1,2.1] -g| -c| -h.
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** KEPT (wt=4):
9 [binary,8.2,3.1] -g| -h| -d| -i.

given clause #4: (wt=4)
9 [binary,8.2,3.1] -g| -h| -d| -i.

** KEPT (wt=5):
10 [binary,9.3,4.1]

-g| -h| -i| -e| -j.
given clause #5: (wt=5)
10 [binary,9.3,4.1]

-g| -h| -i| -e| -j.

** KEPT (wt=6):
11 [binary,10.4,5.1]

-g| -h| -i| -j| -f| -k.
given clause #6: (wt=6)
11 [binary,10.4,5.1]

-g| -h| -i| -j| -f|-k.

% Result returned with max_literals=4
assign(max_literals,4).

given clause #1: (wt=1)
6 [] -a.

** KEPT (wt=2):
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7 [binary,6.1,1.1] -b| -g.
7 back subsumes 1.

given clause #2: (wt=2)
7 [binary,6.1,1.1] -b| -g.

** KEPT (wt=3):
8 [binary,7.1,2.1] -g| -c| -h.

given clause #3: (wt=3)
8 [binary,7.1,2.1] -g| -c| -h.

** KEPT (wt=4):
9 [binary,8.2,3.1] -g| -h| -d| -i.

given clause #4: (wt=4)
9 [binary,8.2,3.1] -g| -h| -d| -i.

• Elimination of tautologies

list(usable). a | -b . end_of_list.
list(sos). b | -a. end_of_list.

% Result returned by Otter
given clause #1: (wt=2)

2 [] b| -a.
Search stopped because sos empty.
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• Elimination of formulas implied by clauses in sos or usable

list(usable).
-a|b|c.
b.

end_of_list.
list(sos).
a.
end_of_list.

% Result returned by Otter
given clause #1: (wt=1)

3 [] a.
Search stopped because sos empty.
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• Specification of weights by the user

The weight list(pick given) is the main specification of weight; when
weights are printed, they refer to these weights

With weight list(purge gen) one can specify weight for variables and
they will be considered when deciding if a resolvent is going to be
kept; heavy resolvents do not go into the sos

pick given- and purge gen - weights may declared different for the
same variable

With weight list(pick and purge) the same weight can be assigned to
a variable for the two purposes
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set(binary_res).
assign(max_weight,4).
weight_list(pick_given).
weight(a,2).
weight(b,1).
end_of_list.

weight_list(purge_gen).
weight(c,3).
weight(d,3).
end_of_list.

list(usable).
-b|c|d.
-a.
end_of_list.
list(sos).
a. b.
end_of_list.
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% Answer by Otter
list(usable).
1 [] -b|c|d.
2 [] -a.
end_of_list.
list(sos).
3 [] a.
4 [] b.
end_of_list.

====== end of input processing ======
========== start of search ==========
given clause #1: (wt=1)

4 [] b.
given clause #2: (wt=2)

3 [] a.

** KEPT (wt=0):
5 [binary,3.1,2.1] $F.

-----> EMPTY CLAUSE at 0.10 sec
----> 5 [binary,3.1,2.1] $F.

Length of proof is 0.
Level of proof is 0.
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---------------- PROOF -------------
2 [] -a.
3 [] a.
5 [binary,3.1,2.1] $F.

------------ end of proof ----------


