Computing:

Some Scientific Aspects

Leopoldo Bertossi
Carleton University
School of Computer Science

bertossi@scs.carleton.ca

www.scs.carleton.ca/~bertossi




Good News!

A mathematical problem had been|open, with-

out answer, since the 1930s

The conjecture  (believed, but not proven):

Every Robbins Algebra is a Booldan Algebra

There was neither a proof nor a refutation, de-
spite efforts of many good mathematicians

In December 1996, Robbins’ conjecture was
proved by means of a computer program

The new appeared in the New York Times, and

was rapidly broadcasted via intern

(97

...

http://www-c.mcs.anl.gov/home/mccune/ar/robbins/index.html

2




: found showmg ‘justhow pOWen'ul comput:
“ers can be at: Teasoning ‘itself,-at mimick

ing the flashes of logical insight or even
genius: that have. chargctenzed 1he best -

human minds:".. .
Computers have found proofs of mame

maucal conjectures before, of course, but '
those conjectures were easy.to prove The- -
dlfference this-time"is that the computer-:,ﬁ
has solved a conjectuie that .stumped : .
some of the best mathematicians for 60_-;‘-:
years. And it-did so with d program that -

‘was designed 1o reason, not-to -solve a

specific problem. In:that sense, the pro- -
gram is'very different from chess-plaving
computer. programs, for.example, :which
.. janes 1mended {o solve just ane roblem . he ?

‘It’s a’'sign of power, of onmg p{)w
e 'sald Dr., Larry,Wos the supervlsor of
‘the computer: easoning.;project ‘at’; Ar
gonne. And with this result, obtained by a

‘m athematlcs :

. Dr. Robert

at : the ,Umv
.. 7hedged.“1 th

._‘result in auto
“years,”” he’ si

]ust anotheq {
times helpfull .
S4B, Mc_Cuq'
ture that 'is
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The problem was first posed in the
1930’s by Dr. Herbert Robbins, who is

New Jersey Professor of Mathemat-
‘ics at Rutgers University in New

Brunswick. Dr. Robbiqs said that he

worked on the probiam for some .

time, and then passed it on ¢ne of the
century’s most famous logicians, Dr.
Albert Tarski of Stanford University.
Dr. Tarski, who is novr dead, warked
on the problem, incluzed it in a book,
and handed it out tc gracluate stu-
dents and visivors.

Dr. Burris, for example said that'“

Dr. Tarski suggested the problem to

| him in the early1970s, while he was -

visiting Stanford for a couple of
months. Dr. Tarski, he said, “liked to
throw out: challengmg problems to

i ,people passing through’’. . ./

‘While - mathematicians were bat-

ting ‘around Dr. Robbins’s problem, *
computer ‘scientists were striving to”
see if they*could get computers to.

reason. Among them was Dr. Wos,

who started working on automated

reasoning ini the 1960’s. It was a time

‘when computers were primitive,

[

- think,”” Dr. Wos said. “That w :
relevant" he said. Instead, he said: =
- *“We asked how can you tell acom-
‘puter what this ‘problem is about?

| Computer Proof Shows Reasoning’ "~

clunky and slow, and researghers

were divided o how to praceed.

‘Some believed the key was to figure

out how humans reasoned and then
to create computer programs| that
mimicked the process. Dr. Wog dis-
agreed.
“Nobody knows how humang rea-
he said. “When you talk to
matbemanmans and say, ‘I

stand you proved a great thegrem.

How did you do it?’ They’ll say,

I walked around my house a lotland I

read some papers and I thoug

So he and his colle..gues follo eda
different path “We didn’ L as our-

selves what people do when they

How.can you get it to draw cdnclu-

‘'sions that follow inevitably and logi- -
-cally from hypotheses and th reby"-
prove theorems?”: - I
‘" "He and his colleagues began writ- -
“-‘ing prograrns in which the computer

examine the consequences.

. found a contradiction, that would be
« proof that the hypothesis was jtrue.

Al

ir-

¥ statlc
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The computer would: also assume;
that the hypothesis was true and do"

~ the same thing, looking for contra::
. dictions that would show it was false.”

To prevent the computer from:get; ¢
ting lost in' checking out lengthv
chains of extended consequences; the
investigators added strategies+like
ignoring any logical statzments that

- contained more than 100 ';ymbols

basic mathematical prob]ems "‘Wel

~could do the problems sometimies™

better ‘than the students .and some-!

'.-ftlmes ‘once in-a’ great while, | ;bet?ef‘ b
= than the professors cou!d »'Dr; ‘st fl
.. said. :

it :!ll [
" For more than 16 years,»LDr Wos'
and his co]leagues stuck to problerfig»
from mathematics textbooks. "Dt
Wos explained that when the comput= i

.er tried to prove something for which's -

a proof existed, and failed, the invés-;,

.., tigators knew that*“there 'S8 prob-

lem with our program.” If they tryda v
solve an unsolved problem; and fail;:
they have no way of knowing wheth-iz

. er they missed something obvious:iz

My own mathematician friendsi{

would say, ‘Wos, why are you dging::

What we already know? Why don't:i
‘you give us something new?’ ':-Pna iy

¥ Wos said. In the early 1970’s, he said,

he told one of his badgering friends;
that he thought it would be another,;

|30, 40 or even’ '50 years before com.-,
; ;puters could solve major problems: ..
that had stumped ; mathematicians;4m

#The first time.they tried some; i

‘thing new.was in 1978, when Dr. Wos
: | said, “a little'baby problem”. came
along. They solved it, and then solved

five others like it. Dr. Wos wa. ec~

-The group kept add stratgg:es»v
to its programs. It added one receni'”""
ly that said to try things that workﬁ o
in previous problems. Dr. Wos said-'_
some of his colleagues scoffed at th
and that he himself did not know if 32
would work. But, he said, it turnéﬂ
out to be surprisingly useful.
In 1979, Dr. Wos learned about D '
Robbins’s problem. Although he and
his colleagues tried to solve it from’ -
time to time with ever more reﬂzlea:,_\
computer programs, they failed. Dioc
McCune joined the group in 1984:
with a new Ph.D. from Northweste
University and a thirst to see how f.
he could push computers.
~The fact that the Robbins conjec=. "
ture was certifiably hard — it had’
after all, stumped some of the begt.
minds in mathematics and had gone -
unsolved for decades — appealed {0’ -
Dr. McCune. But the problem alsh
thwarted his best_computer reason- ¥
ing programs. besdias

!




}”.;?-b ecuréine '*:
‘Butorited shensonlsiz progam et

| /he had writtencalled EQP, for equés

| tion: %v,rf&%;.ﬁxﬁlzh%ida.. dater, ditg|

| Dct,"10, ithe ‘Compyter gpewed out ¥ | -

| ‘proof. KD fcCiine, 3a low-key regs &

.| 'searcher; sald he was_ ‘amazed.” DIZW

‘| Wos, his exuberant’ supervlsor sai il

“Bill Was in‘heavent.” : 0 :

.| - .Encouraged, 'Dr,'
1 getthe domplita 0'te

“He ‘started <his ‘program searc

for a better pruoi on Nov. 15. It fo:..

! Robbins's tonjecture, D
lMcgﬁnqi; m:;efé;e Bl—g'%ax:-old mathe i
{ Rutgereda il

ticlap tat hifs office.

i

0od feeling;” he ‘said. !
'-‘have

some’‘suggested; exa|
mamlng that" dt's not: just malh
matics that I care about." 2
Dr. Wos predicts that in a fe o
decades computers might m 15 g |[c,.._.

At reasoning as they now are at co
culating.




Anything New?

Computers had already had key roles in math-
ematical research

1) In 1976 the mathematicians K. Appel and
W. Haken proved the 4 Colours Conjecture by
means of a computer program: 4 colours suf-
fice to paint a map in such a way that any two
adjacent countries have different colours

This conjecturé was open for a long time (at
least since 1850)

By the end of 19th century a proof‘ was given,
but after about 15 years it was found incorrect
(what is a correct mathematical proof?)












The proof in 1976 reduced the problem to a
combination of cases:

e |f the conjecture was false, that would have
to be reflected in some of 2000 possible
cases |

e Each of the cases was checked by computer
and the “wrong’ case did not occur

There was a combination of sophisticated math-
ematics and computer power

The proof was criticized by the mathematical
community

In particular, what about correction of the pro-
gram? | *



I1) In the 80s an enormous number of cases
associated to the an open conjecture in math-
ematics were checked

Riemann’s Conjecture:  The roots of a certain
function of a complex variable fall all on certain
straight line of the complex plane
—
nZ
p=1

i< Real paviof 2 <1 and ((z)=0 =
Real part of z = %

d




| .
With hours of supercomputing Riemann’s hy-
pothesis was positively verified for the first 10”
zeros in the band

It was necessary to design and develop very ef-
ficient algorithms based on sophisticated math-
ematics

III)  1988: More than 400 computers dis-
tributed through the world used thjir spare time
to factorize for the first time a number that had
escaped previous attempts |

the new was published and highlighted in the
New York Times!! T

Need to rethink cryptographic protocols that
are based on the assumption that|integer fac-
torization is intractable
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The New

For the proof of the Robbins’ (c

“automated reasoner” was used: b
TER (Argonne National Laborator

The conjecture -now Theorem- wa
ing a general purpose computatior
implemented to prove general thec

Not designed to prove a theorem i

That is, like humans beings that
reasoning capabilities to prove the

We could attribute “intelligence”,

etc. to this program; characteristic
plied to human beings

Y)

onjecture an

asically OT-

S proven us-

1al program,
rems

n particular

use general
Drems

“creativity”,
5 usually ap-




The mathematics involved in the proof of this
theorem was being done by the computer, not
by a human being supported by the brute force
of a computer

See article by Larry Wos in  Comm. ACM, 41,
6, 1998:




What Was Done?

The prover established, in essence, that the

Equations for Robbins’ Algebras:
xvy:ny
(v IVz=¢gV{yV
~(=(z Vy) V(e V-y))

?)

=T

Imply the Equations for Boolean Algebras:

cVy=yVvVzx

2V y)V2z2=2V{yV

Z)

=T

That is, the prover showed to be capable of
performing equational reasoning and of doing
proofs in the context of a mathematical theory




What is Needed?

(1) To know first what is a mathematical proof;
at least to recognize one when done by a com-
puter

e What are the admissible deductive steps in
a mathematical proof? |
e What is “the logic” behind deductive/ma-

thematical reasoning?

Answer requires the study of human activity of
mathematical reasoning

Requires converting it into a discipline subject
to scientific/mathematical investigation

Mathematical Logic emerges as a|mathemati-
cal discipline whose object of study s the logic
of (human) mathematical reasoning

10




Mathematical logic now investigates other forms
of reasoning (not only the one used in mathe-

matics)

(2) Requires expressing the logic in terms that

can be represented and processed i
puter

e [n symbolic terms

n/by a com-

e By means of mechanical and q!eterministic

ProcCesses

That transform symbolic represe
new symbolic representations

(3) Requires establishing results
that the symbolic processes that a
to capture the logic of mathemat
ing are strong enough and can be

Goedel, 1930)

11

ntations into

that ensure
re supposed
ical reason-
trusted (K.







- o Everything that is proven through the sym-

bolic processes is indeed somet

hing that is

a mathematical consequence in the usual

sense

e Furthermore and hopefully: tha

t every the-

orem in the usual sense is provable in the

symbolic sense

(The symbolic proof may not be
‘that is another problem ... )

(4) To implement the symbolic pi
nisms in a computer it is necessary

e Fast and simple deductive steps

e Strategies, heuristics, to comb
search, and guide the deductive
der to obtain complete proofs

(human being are also confron:

native steps when they do proofs)

12

known, but

roof mecha-
 to design:

ine, choose,
steps, In or-

ed to alter-




A Scientific Problem?

All we have described so far is basically a sci-
entific problem; it involves

e A scientific study of the observable phenome-
non of mathematical reasoning

e A mathematical formalization |and model-
ing, in this case symbolic, of certain math-
ematical processes

With the purpose of making them “com-
putable”

e A study of the relationship between the orig-
“inal phenomenon and its symbolic/computa-
tional counterpart

e A computational implementation of the sym-
bolic formalism

13




Some new fundamental, relevant
questions arise:

and natural

e To what extent and in what sense can we

use symbolic representations al
processing to model and implen
activities associated to human i

e What are the limits of what is @

e What are the limits of what i
computable?

e What is a computer?
A science of the computable ...
A science of certain aspects of int

There has been mathematical logic
the work by G. Boole, G. Frege, B
Hilbert, A. Tarski, K. Goedel, ...

14

1d symbolic
nent mental
ntelligence?

omputable?

5 practically

lligence ...

at least since
. Russell, D.







There has -been Al since the late 50s

There has been computer science, for a long
time, explicitly since the mid 30s

15




Some Scientific Landmarks

1. The idea of solving problems in
mic manner can be traced back

Remember arithmetic, Euclid, g
mon divisor, ....

2. The idea of mechanizing logic

an algorith-
to antiquity

reatest com-

al processes

can be found already in the Middle Age

There was Aristotle’s logic much before that

Mathematical logic as known to‘day starts in |

the 19th century

3.In 1900 problems about the s
algorithmic means of certain alg
lems are explicitly formulated

16

plvability by
ebraic prob-







David Hilbert: 10th problem of his list of 23
open mathematical problems (keynote pre-

- sentation at International Congress of Math-
ematics, Paris, 1900)

Is there a mechanical procedure to decide if
an arbitrary diophantine equation has a so-
lution in the integers?

Eg.  X%Y3+8ZX —4=4
(a polynomial equation with multiple vari-
ables and integer coefficients)

\rQS ( het Sele "’cﬂ

KY + ton 2)
82X-y \)N. |

=i ( %gm en\)

17



Notice:

e If such an algorithm would hayve been found,
it would have been good enough to ex-
hibit it to the mathematical [community,
who would have recognized it as such

If mathematically correct and with the in-
tuitive characteristics of an algorithm ...

e If it would not have existed, how to prove
that?

This amounts to prove that | There is no
algorithm that ..."

To prove something of this Kind we need
to have a mathematical characterization
of the intuitive notion of algorithm

18




|
There was no such mathematical defini-
tion in 1900

No way to answer negatively|...

4. In the early 1930s the first mathematical
models of (an ideal) computer, algorithm,
computable function, (computationally) de-
cidable problem, ... appear

e Turing machines (Alan Turinf)

e Recursive functions (Kurt G
Kleene) | |

o Lambda calculus (Alonso Church)
. Post systems (Emil Post)

19
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Different mathematical characts
the same phenomenon, from di
itions and perspectives, but ...

It could be mathematically provs
all lead to the same class of

~ functions!

Each model can be simulated |
~any other!

srizations of
'ferent Iintu-

=d that they
computable

)y means of

A very interesting moment in history of sci-

encell

Computer science is born as m
discipline!!

Before the inception of moder
computers ... |
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5. One starts (and only then) to prove that
certain problems -of computational nature-
are not soluble by a computer, e.g.

e There is no algorithm to decide if an-
other algorithm will stop (Turing's halt-
ing problem) |

e There is no algorithm to decide if a logical
formula with predicates, variables, quan-
tifiers is always true (valid) (A. Church)

e Hilbert's 10th Problem is undecidable, i.e.
there is no algorithm ... (M. Davis, D.
Putnam, J. Robinson, and finally, Y. Mati-
yasevich in 1970) | |
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6. Moving from the qualitative to the quantita-
tive, people start investigating the complex-
ity of computational problems |and of spe-
cific algorithms (mainly in the 70s)

Some hard computational problems are ex-
hibited |

Hard in the sense that from their efficient
solvability (unknown yet) the efficient solv-
~ability of a vast class of many|other prob-
lems depends E

A class that contains thousands pof computa-
tional problems of practical and theoretical
importance for which is it not known today
if they can be solved by means of determin-
istic algorithms in polynomial time, i.e. if
they belong to the class P |
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Example: ('Sqteve CookT4, [1971) Sat-
isfiability of an arbitrary propgsitional for-
mula, e.g.

(pVagV—=r)A(=pVqVs)A--(=gVrVi)

“Is there a assignment of Os and 1s to the
propositional variables in the formula that
makes it true?’

No known if SAT € P, and hard in the

sense above

Example: (Richard Karpf4,[1972) (by

means of efficient reduction between prob-
lems):

e 3-Colorability: Given a graph, decide if
it can be colored with three colours

Nodes connected by an edge must have
different colors

23
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Not known lf 3C € P, and|...

e Hamiltonian Circuit: Given a graph, de-

cide if there is a simple tour
* through all the nodes

Not known if HC € P, and |..

If one of these three problems f

class P, the other 2 do as wel
sands of other problems whose
status is not known

If one of these problems is prove
side the class P, i.e. it is intra
the same happens to the other
thousands ...
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7. Problems are exhibited that are [provably in-
tractable

Example: (I\/I:ichael Fisher, Michael Rabin4,
1974)

The problem of deciding if an arbitrary log-
ical formula about the real numbers is true
wrt the theory of the real numbers (is solv-
able, but) requires in the worst case expo-
nentially many steps in the size of the for-
mula (and this for any decision |algorithm)

\}%QW(A\%(«K‘{J—I:%Q
et |l

25




Conclusions |

e A computer can do and discover non trivial
mathematical proofs with general purpose
automated theorem provers

e Computer science is a real science, with firm
mathematical and logical basis |

e There is a rich interaction between mathe-
matics and computing; each of|these disci-
plines motivating and giving feedback to the
other |

A creative and dynamic symbigsis, like the
relationship between physics and mathemat-
ics early in the 20th century

e Mathematical logic emerges wjth a set of
languages, concepts, tools, and methods,
that can be used in computing

26




|
On the other side, most of the
mathematical logic today is m
problems originated in computit

research in
otivated by

18

e There s also a rich interaction b
puting and other scientific disci

— Physics: Quantum computin
plex systems, ...

— Biology: Biological computir
matics, computing in molec
(genomics)

— Cognitive Science: Mental n
ception, computational lingu
putational models of the brai

— Sociology, Economy: Modeli
ulation of societies, organiz

tween com-
lines

r- chaos, com-

1g, bioinfor-
ular biology

nodels, per-
Istics, com-
N i

ng and sim-
ations, with

emergent behaviour from agents interac-

tions
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|
And yet a lot of fun things to do and
discover!!!
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