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l. Proliminaries

We will eo.'dder topological structures of the form (8I, o), where lI is a classical
algebraic structure for first order logic and o is a topclogy or a basis for a topology
on the universe A of. !I. Given a set of symbols I compatible with the algebraic parts
of the structures under consideration, we construct the formal Ianguage Lf for ex-
pressing properties of those topological structures. Lf is constmcted as the classieal
first-order language Ls adding to it the following rules for building formulas:

i l t i sa ( f i rs t -o rder )  te rmofLs , thenteX(whereXisasecond-ordervar iab le fo r
open sets) is an atomic formula;

if g is a formula of Lf positive in X and t is a term of Ls, then (VXa r) g is a for.
mula of Lf ;

il p i. a formula of Lf negative in X and t is a term of Ls, then (3X at) g is a for-
mula of Lf .

It is easy to show that the formulas of Lf are basis-invariant, i.e. for each g e Lf
and structure (?I, o):

(t, o) F E iff (W, d) F p.

Herc d is the topology generated by oi 6 : {Ur I s s o}. For historical remarks,
preciae definitions and other interesting properties of L,, see l4l, L7l.

2. The topologicd produet

Let ((Ur , ot)li.t be topological structures and D = PQ) a filter on -I. 
'We 

defino
the D-proil'ud ol tho <At,o1) asthe topological structure aF",,6o), where 

T*, 
*

the direct product of the 2I1 and do is the topology genereted by the basis

d D :  { f I U ,  l C , e o ,  a n d  { i e I l U t = A } e D } .

Some facts tn*J "r" eas,v to verify are the following:

a) The projection meps pt arc continuous iff D = Co(I), the filter of cofinite sets,
b) If D : Co(I), then do is the Tychonov topology (the usual product topology),
c) If D : {I} (the trivial filter), then dp is the trivial topology.
d) rf D : P(I) (the improper filter), then d, is the box topology.
e) rJ D, E are filters on.I and D = E, then ds is finer than do.
f) (n / t, 6 p) is Hausdorff iff D = co(I) and all (z{,, o1) are rlausdorff.

,
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I f  S(/)  is  theBoolean algebra(P(/) ,A,v,  " ,0,1),  then the structure ($(/) ,D) is

a Boolean algebra with distinguished filter D, Let' LBAF be the first-order language

for such algebras.

It is also possible to extend the Feferman-Vaught-type theorem [3] given in [4] for

usual topological products to our products:

Theorem , To each sentence g € Lf there can be ellectiuely associateil a, tuple

( Q ; 0 r , . . . , 0 n ) ,  w h e r e  Q ( " r , , , . , l n ) e L B A F  a n d , 0 r , . . . ' | ^ e L f  a r e  s e n t e n c e s ,  s u c h  t h a t

lor all, /, ((2lr , o1))6, D:

(f l3l, ,6o) F V i ' f t (S(4, D> F @[S(01), . . ., S(0,)],
t

where B(9, ' )  :  { i  e/  l (2t , ,  o i )  F 0r} .  n

As in [3], we can everywhere assume that' (@i0t,...,0n) is a partit ioning tuple'

Combining this result with Ensuov's theorem [2] on the decidability of the first'

order theory of all algebras of the form (S(/), D), we obtain

Theorem . Ii K is a cl,a,ss ol topolngical, structuru with ileciilabln Lf-thenry, then the

Lf -theory ol the class ol all prod,ucts (in our sense) ol structures in K is also ileciilnble.

I'he same is true il we restrict ourselues to the case where the iniler sets are inlinite anillor

the lilters ertenil, the corcespond'dng lilter ol cofi,nite sefs. I

3. Examples

a) Let K : {(2,o)}, where 2 is the Boolean algebra with two elements and o is the

- cliscrete topology. f"t n"" be the first-order language for Boolean algebras and LfA

the topologi.*-L.tguage for Boolean algebras with topology. The LfA'theory ol K is

decidable since the unique structur, "otttrit ed in it is finite. Thus, the class {(2t,dr) |

.I is a set and D is a filter on /) has a decidable LfA-theory. Furthermore, we shall see

that it is possible to elassify aft its structures according to elementary equivalence.

Theorem. For alt l i tters D and, E on I and' J,respectiuely,

<21 , 6 o) = t,u (21 , 6 ,) i l l  (S(/) ' D) =1""' ($(J), E> '

proof. One direction follows from the Feferman-Vaught-type theorem. The other

one is obtained interpreting the LBAF'theory of (T(/), D) in the LfA'theory -9f
(2, , 6 ,) . More precisely, to each formula g(r; e LB"F we associate a formula V* @) € LPo;

such that, for each I, D, a e 2r :

(S(4, D) F qlal iff (2', dr) F V*laf ,

where  x  :  ( r r , . .  . , f rn ) ,  a :  (a r , .  . . ,an) ,9*  i s  cons t ruc ted  rep lac ing  each subformula

of g of the form t e D by the.LfA-formula (3X at)Yr(r e X + n At : o). n

Therefore, using the classification in elementary-equivalence types of all algebras

of the form (S(/t D) made by Ensnov [2], it is possible to classify the algebras of

the form (21 ,' i ),In particular, we can see that there are many pairs of them which

are not elementarY equivalent.

b) I-€t ((A,,dr))i.r, ((Br,ri))ia, be Tr-spaces (regular and Hausdorff) which are

not singletons. In contrast with that obtained in a), we have



TEE FORMAL LANGUAGE Lr AND TOPOLOGTCAL PRODUCTS

Theorem. Il I,J are inlinite and D = Co(I), E = Co(J), then

( f l A , , 6 o )  = r ,  ( f I  8 1 ,  i n )  .
I I

Proof.  <ryAt,  d.o) and aTUr, io)arc Tr-spaces without isolatedpoints. I t isknown

[a] that all T.-spaces without isolated points are L,-equivalent. I

c) Let us consider the non-regular T, topological space (R, o), where the basic
neighbourhoods of pornts drtferent lrom 0 are as usual, but the basic neighbourhood.s
of 0 are of the form (c,d) \ {tUfr lfte N}. It is possible to show that the L,-theory
of (R, o) is decidable. Consequently, the theory of all topological powers (Rr,0r) is
also decidable. Not all these powers are elementary equivalent; for example, (R,o)
and (Rt,dr), s-ith l/l > 2, are not elementary equivalent since "there exists a unique
non-regular point " is expressible in L,. It is an open problem to classify all these
powers according to elementary equivalence; in particular, for inJinite index sets and
filters that extend the filter of cofinite sets. In this context, it may be of interest to
recall that the L,-theory of all Hausdorff spaces is undecidable [4].

4. Properties ol lormulas which are preseryed under topological proiluets

A sentence Eelf is Tneserueil (under topological products) if for all f, ((2Ir,6t))w,
f i l te r  D on . I :  fo r  a l l  ie  I ,  (W, ,o i )  F  g  imp l ies  aTt , ,6o)F  g .

From now on. the set of symbols S will be finite.

Theorem. The class ol all preseraeil sentences ol Lf is recursiuely enumerable.

Proof . Bv the Feferman-Vaught-tgre theorem, we can associate effectively to each
sentence q  € I {s  a  par t i t ion ing  tup le  (@i0r , . , . ,0n)  w i th  @(r0 , . . .  , f in - t )  eLBAF and
0 r ,  .  . . ,  0 ,  f - *n tences .

If p is the LB'{F-sentence

V r o . . . V t n - r (  A  r i ^ l r j : 0 n o o v . , , v f i n - L :  l n  A  f i l : 0
i < j < n  j e C ( q )

+ (D(rs,  .  .  . ,  f in-)) ,

where C(V\:  { i  tO < j< ra and Fr,rg--+ - t0;} ,  then i t  is  easy to ver i fy that  g is
preserved ,if 0 belongs to the l,nar-6[.ory of all algebras of the form (S(/), D). As
we have seen, this theory is decidable; furthermore, {0€Lf I Ft-,,g + -10} is recur-
sively enumerable and ,f can be obtained effectively from g and C(q), From this
we can conclude that the class of all preserved sentences is recursively enumer.
able. X

For the usual first-order logic there is a theorem by Vaucnr [3] that establishes
that a formula is preserved under direct products iff it is preserved under products
of two factors. In [a] it is shorv-n that this fact, which simplifie s the study of preserved.
first-order formulas, does not hold for L, and Tychonov topological produch. fn our
case, we have the following lemma as a substitute for Veucnr's theorem. This lemma
can be proved using Sxor,nu's decision method for the LBA-theory of all algebras of
the form $(/) (see e.g. [6]).

7rr
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Lemma. To each sentence g eLl there can be ellectiuely associ,ateil a nal'aral number tus t
such that lor all (21, o) il <A, o)'o F g, then lor all m 2 ns (II, o)^ F p. ((U, o)' is the
usual topological power). I

From this lemma and a series of technical results with classical analogues, it follows,
as in [5] for first-order logic and reduced products, the following theorem:

Theorem. Each sentence ol L{ is togicatty equiualent to a Boole,an combination ol
sentences which are preseraed uniler toplogical proilucts with respect to non-trdai,al lilters, ]

In what follows, we assume that the filters extend the corresponding filter of cofinite
sets. The next two theorems give us a large syntactieal class of formulas of L, which
are preserved. The first one can be proved by induction.

T h e o r e m .

a) Atomic formul,as and, negations ol atomic lormulas are Treserad,.

b) Il g is preseraeil, then lrg anil, Yrg are preserueil,

c) Il E anil V q,re pre^seraeil, then g n y is Treserae(l.

d) It g is peserueil anil posdtiue in X, then (YX " t) V is preseraeil

Theorem. Il p eLf is Tnsitiae, wittnut seconil-order qrn*ifiersand Q fs a btock ol
seconil-ord,er eristential qrnntifiers, then the lottowing lormulas ol Ti are preseraeil:

a ) g + 0 i l p i s p r u e r u e i l .

b) Q(q + 0) il 0 is preseraeil anil positiae.

c) QVy(g + 0\ il 0 is a seconil-or(ler atomic formula, i.e. ol the lorm t e X.

P r o o f .

a) It is possible to show that the formulas of Lf which are preserved under contin.
uous surjective homomorphisms are those that are equivalent to positive formulas
without second-order existential quantifiers. On the other hand, by the hypothesis on
the filters, the projection maps are continuous. The combination of these facts gives
the proof.

b) As Q(E * g) e Lf, the second-order variables in Q do not appear in g; hence
Q(g t 0) i F Q'V - 0, where Q' is a block of second-order universal quantifiers.
Therefore we can apply a).

c) For simplicity, we restrict ourselves to the case Q : (lYat), !: A, that is, we
have to prove that

g : :  ( 3 Y  a t ( r ,  .  .  . ) ) Y A @ ( y , r ,  .  . , , Y , X ,  .  .  . )  -  0 ( y , t ,  . ,  . ,  X ) )

is preserved.

Let us suppose that for all i e I

( 2 [ r , o r )  F  r l , @ , . ,  . ,  X , .  .  . )  [ b , ,  .  .  . , U t , ,  . , f

( h e r e  b , , , . e T I A t , f I U , , . . . e  6 o ) .  T h e n ,  f o r  e a c h  i e I ,  l e t  Y  e o 1  b €  s u c h  t h a t
I I

t a ' ! b t , . . . ] e Y 1  a n d

( l )  ( ! [ r , o r )  F Y y ( V ( y , t , . , , , Y ,  X , .  .  . )  - +  0 ( y , r , .  .  . , X ) )  1 b t , , . . , Y r , U r , , . . 7 .



TEE FoRMaL I/ANGUAGE Lr AND TopoloorcAL pBoDucrg 9A

f f ,  f o r  a l l  i e . [ ,  one  has  (? I1  ,o t )FYy l (y , f r , . . . ,X ) \b t , . . . ,  U1 ] ,  then ,  by  the  p re .
ceding theorem, (+t,,dr) Fyy|(y, r, ., ., X) [b, . . ., II U,]. Taking I : fI Ar', it

fol lows that (f [  2\,do) F y, lb,.  .  . ,  f I  [J,,  .  ,  , f .
I I

Otherwise, there exist sets ..Io = I r e D such that

io e Io iff (2[,o, o,o) F Jy -?lbto, , . ., (Jrof.

Then,  fo r  a l l  ioe lo  and a l l  e ,o€ .Aro  such 
_ tha !  - (1 I , . , -66)F  - l la ro ,b ro , , . , , (J ro f ,

o n e  h a s  b y  ( t )  t h a t  ( ? I , o ,  o , o ) F  - V ( y , n , . . , , y , X ) f o , o i b , o ; . . . ,  y , o , " ( J , o i . . . f ,

As -1 g is negative without second-order universal quantifiers, -r g is preserved.
under preimages of continuous surjective homomorphisms, hence

( I I  2 t , ,  d o )  F  - V @ ,  r , , ,  . ,  Y ,  X ,  .  . , )  l d r o ,  6 , o ,  .  .  . ,  p l o r ( y r o ) ,  p i t ( U r o ) , ,  . , f ,
I

where  dro ,5 ,o , . . .€AA,  a re  p re images o f  o ro ,b ro , . . .  und. " *  F lo ,  ( in  par t i cu la r ,  we
I

c a n  t a k e  6 , o , , , ,  -  b , . . . ) .  I n  c o n s e q u e n c e ,  l e t t i n g  V : :  )  p t r ( I , )  E  f f  p r r ( y r , l  =
= plo'(Yro), we obtain tel, ielo

( 2 )  ( f I 2 t , ,  6 r )  F  - p l d , , o , b ,  . , , ,  V , T I U . ,  . ,  . ) ,
I - I

Notice that V e o, and therefore we can replace ptor(Y4) by V because :g is negative.
N o w  l e t  u s  s u p p o s e  t h a t  ( f l  2 \ , 6 r ) F  y , l b , . . . , f I  U r , . , . l ;  t h e n

. ) )  lv(v@, n,  ,  ,  , ,  Y,  x , .  .  . )  n
n -0(y,r,  ,  ,  . ,  X)) [b, .  .  . ,  f I  (Jr, ,  .  . f  .

fnpart ieular, takingtheabovedefinedZasassignmentfor y, weobtain anct,ITIA,
such that r

(3 )  ( I I ! { , ,  d r )  F  g (A ,s ,  .  .  . ,  Y ,  X ,  .  .  . )  \a ,b , , ,  . ,  V ,T |U , ,  .  .  . l  and
I I

( l l t { , ,  6 o )  F  a | ( y ,  n ,  . ,  . ,  X )  l a , b , ,  .  . , T I U J .
I 7

From this last fact there follows the existence of isels such that (U,o,6r,o) F
F  - 0 ( y , f i ' . . . ,  r )  [ a i ' , b , o , . , . , ( J r o ] . A s  w e  n o w  a r e  i n  t h e  s i t u a t i o n  t h a t  l e d  o u  t o
(2), we conclude that,

( T " , , 6 o )  F  - V @ , r , .  . . , Y ,  X , .  . . ) l d u , b , ,  ,  . ,  V , f ! U t , .  , , f  .

fn particular, with a'',o : a, it follows

( l I 2 I , , 6 o )  F  - V ( y ,  n , ,  .  . ,  Y ,  X ,  .  . , )  I a , b ,  . , , ,  V , n ( J t , ,  .  . 1 ,
I

which contradicts (3). f

Applying systematieallv the two preceding theorems it is possible to verify s;rn.
tactically that the following topological properties expressable h L, ur" prr.L"old t

YrVy( ( (YX 3  r )y  e  X  n  (V Ie  y )  r  eY)  -  r  :  A)  ( , ,T0 , , ) ,

Y r Y y ( ( Y X r n ) y  e X - +  r :  y )  ( , , T r ' , ) ,

YrYy(JXa c) (3Y = y) (Jz(z e X nze I) -+ r :  U) (" Hausdorff ") ,

( f I2t ,  ,6o) F ryf  a {r ,  ,  ,
I
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Vz(VXar )  (3  Y  a r )YA(YW ay)Jz (zeW nzeY) -+  y  e  X)  ( " regu la r i ' ; ,

Va(VX > l@))  ( l I :  n )Yz(zeY +  l ( z )eX)  ( "1  i s  con t inuous" ) ,

Vr((VX = r) \y(Py ̂  y e X) + Pr) ("P is closed").
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