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Abstract during the revision process, so that the revised theory can be
. . . . mapped back td.. This is why we have defined the revision
In this paper, we propose an unifying belief revi- of A" with respect ta)™ A A;.

sion approach for families of (non-classical) log-
ics whose semantics are first-order axiomatisable.
Given any such (non-classical) logi¢, the ap-
proach enables the definition of belief revision op-
erators forC, in terms of a classical AGM belief
revision operation. The approach is illustrated by
considering Belnap’s four-valued logic. We anal-
yse in what circumstances the AGM properties are
preserved and discuss limitations and advantages
of the approach from both theoretical and practical
viewpoints.

Notice that we have also included the formuta:€) in the
revising part of (1). For non-classical logics which are ex-
tensions of classical logic, such as modal logics, the notion of
inconsistency is still classical, so it is identical to the notion of
inconsistency in the target (classical) logic. If a given object
formula is inconsistent with an object theory, theny™
would also be inconsistent (in classical logic) wiifi. Hence
the classical revision would be able to revise the (translated)
theory and provide a revised theory that is also consistent in
the object logic. For these types of non-classical logics, the
revision operatok ;, could be defined more simply as follows:

1 Introduction Axpp = {B | AT, (" N AL) - BT}

This paper presents a method for revising theories of nonThis is the approach adopted and discussefi@abbayet
classical logics. The general idea is to define a belief revisioral., 200d. However, even in these cases, some domain-
operator for these logics in terms of a standard belief revisiordependent notions of acceptability could still be provided to
operator for classical logic. Typically, given a classical logic further refine the revision process, as it is done, for instance,
theoryA and an input formula, a revision process, gives  with integrity constraints in database updates. The formula
us a new theorf’ = Ax,v, corresponding to the revision Acc would, in this case, be the (classical logic) definition of
of A by« and satisfying some desirable properties (e.g. thedomain-dependent constraints, and the revision opesator
AGM postulates for belief revisiofGardenfors, 1988. Our  to be defined as in (1).

approach shows that this machinery carex@orted to other In the case of non-classical logics that are not extensions
(non-classical) logics, whenever their semantics is first-ordepf classical logic, such as Belnap’s logic, the notion of con-
logic axiomatisable. sistency differs from that of classical logic. Object theories

This is done by translating the mechanics of a given objecimay not be necessarily semantically inconsistent.(uebe
logic L into classical logic, performing the revision process the closure of a set of formulae under the consequence rela-
in classical logic and then translating the results back intdion of classical logic and consider the formgla —p. This
the object logic. Letr denote a translation function from formula is not contradictory in Belnap’s logic. If a transla-
into classical logic,4;, be a sound and complete classical tion to classical logic is sound and complete, tHen} will
logic axiomatisation of the mechanicsbfwith respectto its  be consistent witti—p)™, and consequently, the revisionf
entailment notion, andlcc be a first-order characterisation by —p done via classical logic will be simplp A —p}. This
of acceptable L-theories. We define a revision operatqyin might not be what one expects in the object logic. In these cir-
the logicL as follows: cumstances, the revision would be equivalent to an expansion,

. - - - which is how belief revision has been defined so far for logics
Aspgp={B[ ATa (" A AL A Ace) 57} (@) such as paraconsistent log{&estall and Slaney, 1995

The motivation for this definition is as followsA™ is the What we propose in this paper is a different approach to re-
translation of theL-theory A to classical logic.A is to be  vision for non-classical logics (including paraconsistent log-
revised by, which in classical logic is translated@$. The  ics). Our view is that a revision process for such logics would
revision ofA by is defined in terms of the classical revision benefit from a shift towards a notion aéceptable belief sets,
of A™ by ™. The inclusion of the axiomatisatio#; allows by imposing specific restrictions on what an acceptable the-
the semantic properties of the object lodi¢o be preserved ory should be in the object logi€, and therefore on what



is the effect of revising a theory with respectamotion of  we want the revision to do in the case of inconsistency ac-
acceptability. We assume that such notion can be providedording to what is reasonable in the object (non-classical)
either by the specific domain of applications, or by logical logic. AGM for classical logic gives us no clue beyond
properties, with the aim of investigating the relationship be-(K*5) as to what to require whe(K'«,A) U {B} is in-
tween these properties and the underlying classical AGM poseonsistent.(K*6) specifies that the revision process should

tulates. be independent of the syntactic form of the sentences in-
volved. Finally, postulate$K*7)—(K*8) have to with the
2 Belief Revision in Classical L ogic relationship of inputing 4, B) as a sequence (first revising

by A, then expanding byB), as compared with revising by
The termbelief revisionis generally used to describe the pro- { A, B} at the same time (i.e, revising by A B). It is
cess of changing a given logical theory to accomodate newvell known that AGM does not say enough about sequences
(possibly contradictory) information, in such a way that the of revisions and their properties. These postulates are the
process will satisfy some desirable properties. One importarthare minimum (see, for instand®arwiche and Pearl, 1996;
feature is that one wants the change to be minimal in som&997). In fact,(K*7)—(K*8) do not tell us anything new (be-
sense. Notice also that this is intrinsically a non-monotonioyond what we can deduce from earlier postulates), except in
form of reasoning. the case wherd is consistent withK x,A. In [Gabbayet

In this paper we concentrate only on the standard approachl., 2004, we have argued théK *7) and(K*8) together are
to belief revision. By this we mean, belief revision operationsequivalent to the following postulate:
satisfying the AGM postulatefGardenfors, 1988 There-  (g: ) Cn((K*,A)U{B}) = K*,(AAB), whenB is con-
fore, if K is a belief set, then we assume tl#at= Cn(K). sistent withk s, A ’

Similarly, if ¢ € K, we say thatp is accepted in K.

The general task of the revision process can be seen as dg—t
termining what is rational to believe when a new belief (pos-
sibly) contradicting the belief in the current belief set is ac-
cepted. The AGM postulates have often be considered a, . . . .
standard criteria for evaluating revision operations and pro-§ Belief Revision in non-Classical L ogics
vide, in a sense, minimal set of conditions to be satisfied by |n this section, we describe our approach for defining belief
such operations. We will use them to investigate the properrevision operators for non-classical logics. This is based on
ties of the operator obtained in our approach. the following components) a sound and complete classical

The AGM postulates for belief revision, as given in |ogic axiomatisation of the semantics of the object labjdi)
[Gérdenfors, 198 can be found below. In the following a domain-dependent notion of “acceptability” for theories of
presentationk’ is a belief set andl andB are formulae. The [, andiii) a classical AGM belief revision operation.
symbol K is used to denote the inconsistent belief set (the In general, different translation mechanisms can be defined
set of of all formulae in the language). from a given object logic to classical logic, depending on the

. . underlying semantic structures used by the object logic. In
AGM postulatesfor Belief Revision the case of non-classical logics that are extensions of classical

For non-classical logics, we are committed only o 5 ).
her cases involving inconsistency can have properties dic-
tated by the object logic requirements.

(K*1) Kx,Ais abelief set logic, the translation mechanism essentially maps the notion
(K*2) A€ Kx,A of satisfiability of atomic formulae to associated first-order
(K*3) Kx,AC Cn(KU{A}) predicates with one or more (additional) arguments to encap-
(K*4) If -A ¢ K,thenCn(K U {A}) C Kx,A sulate elements of the underlying structure of the semantics.
(K*5) Kx,A = K, onlyif Ais contradictory For instance, in the case of propositional modal logic, the se-
(K*6) If A= B,thenKx,A = Kx,B mantic notionw I+ p, for a possible worldv and atomic for-
(K*7) Kx.,(AAB)C Cn((K%,A)U{B}) mulap can be associated with a first-order formutéw),
(K*8) If =B ¢ Kx,4, then and analogouslyy Iff p, with the formula—P(w). Appro-
Cn(K*,AU{B}) C Kx,(AA B) priate axioms may have to be defined to express the correct

behaviour of the connectives (and indeed semantics) of the
ation also be a belief setk*2), known as thesuccesspos- ~ OPIect logic, for instance, to represent special conditions of
tulate, requires that the new information is accepted in theth® accessibility relation and connectives that do not exist in
revised belief set. Postulat¢k*3) and (K*4) define in a the target language. Examples of this translation mechanism

sense the “lower” and “upper” bounds of the revision opera-caN be found ifOhlbach, 1991 . L
tion, respectively. IfGabbayet al., 200d, we have argued For non-classical logics, whose semantics are significantly

Postulatg K*1) requires that the result of the revision oper-

that together they amount to the following principle: d!fferent from 'that of classical logic, the 'granslation me(_:ha—
. i i ) nism has to mirror the structures upon which the semantics as
(K54) If Ais consistent with¥, then well as the notion of entailment are based. In the case of Bel-
Kx,A = Cn(KU{A}). nap’s four-valued logic, the semantical notion of entailment

(K*5), instead, only require&” to be consistent whenever is based on a lattice with four elements, called lbgical

A is consistent. When we check the AGM postulates forlattice (L4). The translation mechanism needs to reflect the
logics other than classical, we may have a different no-structure of the lattice and express (declaratively) the differ-
tion of consistency and so we are free to interpret whatent truth-value assignments that a formula can assume under



given valuations. An axiomatisation expressing the behaviouHence, a theornA can be revised by a formuia, by instead

of the connectives needs also to be defined. Independently gévising classicalhdA™ by ™. The semantic properties of the
the translation mechanism adopted, such axiomatisation hasbject logicZ. and the notion of acceptability are preserved
to besound andcomplete with respect to the semantic notion by performing the classical revision process also with respect
of entailment of the object logi&. This ensures that, given to the axiomatisatiotd; and the formuladcc, to guarantee

a translation functiomr and a classical logic axiomatisation that the resulting revised theory is an acceptable theory in the
Ap, for any given theonA and formulaa in L, object logicL.

Abpa iff ALUA™ FaT )

whereA™ anda™ are the classical translations &f and a 4 Belnap’sfour-valued logic
respectively:  Throughout the paper, we refer td; as a  Standard familiar systems such as classical logic, modal logic
sound and complete axiomatisation bfin classical logic. and intuitionistic logic have in common the principle that
Our method is thus applicable only to logics whose semane€ontradicting information entails any arbitrary sentence. This
tics are first-order logic axiomatisable. principle, known a®x falsum quod libet, is, however, not al-

The second component of our approach is a domainways appropriate to describe real application deduction pro-
dependent notion adicceptability for a theory inL. Given cesses, where information is often deduced from quite possi-
a revision operatox, for classical logic, we could define a bly inconsistent databases. Alternative systems have been de-
revision operatos , for the logicL in the following way. veloped, examples of which include the logicfivt-degree

. r r r entailment (also known as systeif) and therelevant impli-
Axpp ={B | AT#a (" AN AL) - BT} (3 cation system (or systerR), in which deductions between

However, the notion of consistency in the object logic mayformulae hold only when there is some “connection” be-
differ from that of classical logic. The AGM revision relies tween the formulae (e.g. the formulae share some senten-
somehow on the notion of (classical) consistency. This can bé&al variable). In[Belnap, 1977h Belnap provides a seman-
easily understood by analysing postulée; ,). Revisionis  tic characterization of first-degree entailment together with
only triggered when the new information is inconsistent with a sound and complete axiomatisation, emphasising its con-
the current belief set. In this sense, revision in the translatiomection with the problem of “how a computer should think”
can only be performed if the translated theory turns out to bdBelnap, 1977h
classically inconsistent. The direct application of our method We provide a translation of Belnap’s semantics into a set
to logics such as Belnap’s four-valued logic, which does notof first-order logic formulae. Sets of Belnap formulae are
have any notion of inconsistency, would therefore yield sim-translated into a conjunction of atomic predicates. An appro-
ply to an expansion, since the translation of any Belnap thepriate classical axiomatisation is defined, which captures the
ory is always classically consistent. This is a consequencgemantic behaviour of Belnap connectives, thus allowing Bel-
of the fact that AGM belief revision is too dependent on the nap’s notion of entailment to be expressed in terms of classi-
mechanics of classical logic itself. cal entailment from the translated theories. This embedding

Our view is that belief revision processes would benefitinto classical logic has two main advantages. The first one is
from a shift towards the more general notionasteptable  to provide the basis for analysing belief revision operations
belief sets. In the particular case of classical logic, it makedor these types of logics. Such an analysis for propositional
sense to require that an acceptable belief sat l#ast consis-  modal logic can be found itGabbayet al., 200d. Secondly,
tent, since inconsistency trivialises the notion of consequenceheorem proving for four-valued logic can be done by using
in classical logic. However, there is no reason why more speexisting theorem provers for classical logic on the classical
cific restrictions should not be imposed on what an acceptiogic translation of these logics.
able belief set is in classical logic, as it is done for instance, ] ]
with integrity constraints in database updates. This paves thilotation & Terminology
way for the definition ofelative revision procedures, where We reserve lower-case letters for atomic symbols in Belnap’s
the process is guided by a fixed theory representing a patanguage. Greek-letters will be used in general to refer to wffs
ticular notion of acceptable belief sets. For the purposes obf the Belnap language, i.e.. the “object logic”. Larger enti-
this paper, our relative revision is defined in terms of a notionties such as structures, sets, theories and languages will often

of acceptability explicitly included in the revision process. be typeset in caligraphic font, e.g4, B,C, . ... In this sec-
Our definition of belief revision for a non-classical lodids tion and the next, all formulae, sets of formulae, valuations,
therefore as follows. etc, refer to objects of Belnap’s language defined below.

Definition 1 [Belief revision in L] Let x, be a revision . . , .
operator for classical logic andcc a formula expressing 4.1 Entailment in Belnap’s four-valued logic
a (domain-dependent) notion of acceptabilitylotheories.  In [Belnap, 1977h Belnap describes his semantic charac-
The revision ofA by ¢, Ax 1, is defined as terisation of four-valued logics as an appropriate logic for
_ T T r expressingractical deductive processes. In database man-
Asptp ={B [ ATa (" A AL A Ace) 57} . agement or question-answer systems, collections of data are
e use the symbdt without subscript to denote entailment in Proned to include either explicit or hidden inconsistencies.
classical logic and with subscript to denote entailment on a objecl he motivation for Belnap’s approach is to provide a logic
logic. less sensitive to the problem of inconsistency.



Syntax Let £ g be the Belnap language composed of a count; N [F] T [ 5o
able set of propositional lette®p = {p,q,r,...} and the e T o T F s
connectives-, A andV. The set of wffs is obtained by the = E E E E
standard construction mechanism of formulae. For the fi; T None | F T Both
nite case, a Belnap theory can be seen as a single formula Both F_|F ] Both | Both
given by the conjunction of all wifs in the set. The formula V_J[ None | F [ T ] Both
-p A (=g Vr) A -ris an example of a finite Belnap theory. None || None | None | T | T
In proof theoretical terms, Belnap’s four-valued logic is F None | F | T | Both
characterised by a finite axiomatization. Given two Belnap SIS S A
wifs a and 3, the expression. — 3 denotes thatv entails
B. In this sense, the symbeb can be seen as a derivability [[ None [ F ] T [ Both
relation between formulae, or equally between theories ang — [[None [ T ] F [ Both
a formula. For space limitations, we cannot present the ax
iomatization here, please refer[Belnap, 1977bfor a com- Figure 2: Truth-tables for the connectivesdn;.

prehensive presentation. We will concentrate instead on the

logic’'s semantic on which our translation is based. In this

logic, the semantic and proof theoric notions of derivability tion of model, that is, an interpretation that makes a formulae
are equivalent, as will be shown later. true is non-existent.

Semantics The semantics underlying Belnap’s logic is four- The notion of semantic entailment is expressed in terms of
valued. Let4 be the sef{T, F, Both, None}. The elements a partial orderings associated with the logical lattidet. We

of this set are the four different truth-values which an atomic'ill deénote the semantic entailment relation withto distin-

sentence can have within a given “state of information”. Theduish it from the proof theoretic notion of entailment The
intuitive meaning of these values is given as follows: two notions are equivalent, as given by the correspondence 4.

1. pis stated to be true onlyr} Definition 2 Leta andg be formulae. We say that entails
B, written a = g, if for all 4-valuationsv, v(a) < v(5),

2. piis stated to be false only) where< is the partial ordering associated witht. Analo-

3. pis stated to be both true and fal®&»th), and gously, anon empty finite set of formulad” entails «, if the
4. p's status is unknown. Thatis, none of the abaverfe).  conjunction of all formulae if” entailsa. 0
The four values form a lattice, called ttapproximation The correspondence below is known to be corf&etinap,

|lattice and denoted b4 where the ordering relatial goes ~ 19774.

“uphill” and respects the monotonicity property, in the sense .

that information about the truth-value of a formula “grows” (Correspondence) o — § iff a = § )
from None to Both. A4 can be seen in Figure 1. Notice that if we restrict our attention to valuations into
{F, T} only, we get the familiar classic logic notions. We

Both T need a parallel to the notion of consistency, this wouldde
Ty Ty ceptability. We say a Belnap theon is acceptable, if for
= V\ z2y \ any wff o, A does not prove both and—a. This isour defi-

T A4 F None L4 Both nition and it seems reasonable to us. A consistent/acceptable
\/ \/ theory can tell us that a givenis true (), false ) or don’t
know (None), but if it says that it is both true and falsgath),
None F then something in the knowledge abeuvent wrong.

) o . ) Definition 3 [Acceptability of Belnap theories] A theorsx
Figure 1: The approximatior\d) and logical [4) lattices. s acceptable, if {y | A — v and A - -y} = @. 0

The interpretation of the connectives in complex formulae  NOte that we do not have that is unacceptable, then it
is shown in Figure 2. The truth-tables constitute a lattice,C2n Prove everything. After all, this logic is paraconsistent.

calledlogical lattice and denoted by 4 (Figure 1). InL4 We now introduce some terminology which will be used later
logical conjunction is identified with the meet operation and " the article.
logical disj_unction With the joi_n operation. _ _ Definition 4 Let«a be a formula ana be a4-valuation.

The |:10t|or_1 o_f a interpretation of formulae_ is expres_sed N o s at least true undery if v(@) = T orv(a) = Both.
Belnap’s logic in terms ofet-ups. A set-ups is a mapping ) _
of the atomic formulae intd. Using the truth tables given ~ ® « is at least falseunderv if v(a) = F or v(a) = Both.
in Figure 2, each set-up can be extended to a mappialj of ¢ ¢ is not true underv if v(a) = F or v(a) = None.
formulae into 4, in the standard inductive way. We call this is not false underw if —Tor =N 0
extended set-up4valuation and denote it witho. Thus, for al underv if v(e) =T orv(a) = None.
any given Belnap formula and set-up, the valuation(«) Using the above terminology, the notion of semantic en-
is always well-defined. This makes Belhap’s semantic sometailment between a theory and a formula given in Definition 2
what different from the classical semantics, because the nazan be equivalently expressed as follows.



Definition 5 Let T be a set of formulae and a formula.T’ Corollary1 Let A be afinite set of formulae and ¢ a for-

entailsa if and only if for every4-valuationv, mulaand let § = /\61,EA Bi.
i) if all the formulae inl" are at least true undet then .
: is at least true undey; r : val(s, 8) 2 5() iff 5(0) = s(¢) =
i) if all the formulae inl" are not false under, thena is The extended definition of entailment satisfies the finite-
not false undeo. ]  hess property, as shown in Theorem 2. The proof of this

. . . . roper he following theorem an finitions.
This definition will play an important role in the soundnessp operty uses the following theorem and definitions

and completeness proofs of the first-order Belnap translatio®€finition 8 [Ultra set-up] LetI be a nonempty sef) an
with respect to Be|nap'5 semantics. ultrafilter overl ands; a set-up forL g, foreachi € I. S =

Iips; is a functionS : P —— 4 defined as follows. For
5 Generalizing Belnap’snotion of entailment ~ €achp € Py, S(p) =uiff {i € I'[ si(p) =u} e D 0.
toinfinitetheories The definition above is extended to complex formulae in
, . } . : the usual way, using Belnap’s truth tables. For example,
In Belnap's logic the truth-value of a conjunction of formulae S(aAB) = S(a) AS(B). Itis useful to refer to the particular

is defined inductively from the truth-values of its conjuncts. value ofy assigned to formulae by the functishabove. The

Alternatively, this value can be calculated by taking the mee . : ;
of the truth-values of the conjunctslirt. In that sense, finite t_folllowmg theorem ;hows tha_t an ultra set-up as defined above
is indeed at-valuation as defined before.

sets of formulae and conjunctions behave in the same way.
However, the notion of meet is more general, because it cad heorem 1 (The fundamental theorem) For each a €
be applied to an infinite set of truth-values. Lp,S(a) =uiff{i e I|si(a) =u}e€D.

For technical reasons, we need to generalise the notion gbroof ~ The proof is by induction on the complexity of a
entailment to infinite sets of sentences, because when we aggrmulac.
ply the revision operator in classical logic and translate the“Only if”) The base case follows directly from Definition 8.
results back to Belnap’s language, we get an infinite set ojpssume that the theorem holds for any formtikaith at most

Belnap formulae. This is as it should be since(By'1), the 1 connectivesinductive step: The proof is done by cases on
result of the revision is a belief set, and hence closed undeghe main connective af.
the consequence relation. : . (—) ais of the form—j for somef. Let S(—~5) = wu, for
o ercore nou use the more el noton of M oy oy te defiion of. 5(-) = ~S(7) = . o

‘ someu; = S(B). Notice that, by the inductive hypothesis,
Definition 6 Let A be a (possibly infinite) set of formulae, the setN = {n | s,(3) = u1} € D. We show that the set
S be the set of all set-ups andin arbitrary set-up. We define M = {m | s,,(=8) = u} = N, and thereforé/ € D. Let

val : 8§ x P(wify ) — 4 as k € M. Thensy (=) = —s(3) = —us, for someu,. By the
definition of =, —u; = —wus implies thatu; = us. Therefore

val(s,A) =T{s(p)|p € A} O ke N. Letk € N. Thensy(8) = uy. By definition of -,

We now generalize the notion of entailment in Belnap's sk(=3) = —sk(8) = —~u1 = u. Hencek € M.

logic. (A) « is of the form3; A s, for some3; and 85. Let
Definition 7 Let A be a (possibly infinite) set of formulae S (@) = u. By definition ofS, u = S(f1) A S(52). Suppose
andy a formula. S(B1) = u1 andS(B2) = us. By inductive hypothesisy; =
) {n|sn(f1) =u1} € DandNy = {n;| sp(f2) = u2} € D.

A = piff Vs [val(s, A) < s(p)] O  SinceD is a filter, the intersectio&; N N» € D. Hence,

In the finite case, the above definition corresponds to thdn® Set = {k [ si(f1) = u1 and si(82) = u2} € D.
original notion of entailment in Belnap’s logic: We show thath/ = {m | s,n(81 A B2) = u1 Aua} € D.
We prove this by showing thadt/ = K. Letm € M. Thus,

Proposition 1 Let A be a finite set of formulaeand 6 = 5 (B, A 85) = uy A us. By definition ofA, s,,, (81 A Bo) =
Nsiea Bi- val(s, A) = s5(9). $m(B1) Asm(Bz2), and therefore,,, (81) = u; ands,,(B2) =
Proof The proof is done by induction on the sizef uy. Then,s,, € N; ands,, € N3, and hences,,, € K.
Basecase: |A| = 1. A = {0'}, for somed’. val(s,A) =  Assume thak € K. By definition of K, s3 (1) = u; and

M{s(d")}. By the definition of1, val(s, A) = s(§") = s(9). sk(B2) = ug. By definition of A, s, (81 A B2) = uy A ua.

Inductive Sep: The proposition holds for an¥ such that Hencek € M.

IT'| < k. Now, suppose thaA| = k + 1. A = TU{B}, (V) The proof is analogous to the previous case.

for somel’ of cardinalityk. Lety = A, cp i Itfollows  wem 1he hase case also follows directly from Definition 8.

thatval(s, A) = M{s(d;) | 6 € A} = val(s,I') 1 s(8), by Assume that the theorem holds for any form@ikaith at most

the distributivity property of1. By the induction hypothesis, % connectivesinductive step: The proof is done by cases on

val(s,I') = s(v). Thus,val(s,A) = s(y) M s(8) = s(y A the main connective af.

B) = 5(9), by associativity and distributivity of. = (—) a is of the form—g for someg. Letwu be such that the
P (wff, ) is the power set of the set of all well-formed Belnap setN = {n | s,(=3) = u} € D. By definition of -, the

formulae. set{n | =sp(B8) = u} € D. We show that the se¥/ =



{m | sm(B) = ~u} € D. For suppose that/ ¢ D. By the
property of the ultrafilter, the complement 4ét | s, (3) #
-u} € D. By definition of neg, the set{k | —si(8) #
—-u} € D8 Therefore the seftk | si (=) # u} € D, which
is a contradiction since its complement belong®to

(A) ais of the formj3, A [, for someps; ands. Letu
be such that the se¥ = {n | s,(81 A B2) = u} € D.
Let u; andusy be such that\l; = {n | s,(81) = w1} €

D andM; = {n | sn(B2) = uz} € D. By the inductive
hypothesisS(51) = u; and theS(82) = u», whcih implies
thatS(a) = u1 A uz. Furthermore, sinc® is a filter, the set
{n | sp(P1) = u1 and s,(B2) = uz} € D. Therefore, the

set{n | sn(B1AB2) = uiAus} € D. Suppose that; Aus #

2. sn(An) £ sn(p) = f

which is a contradiction. By Proposition 2, there exists
A, € I, such that for allin > n, S(A,,) = z for a certain
x € 4. ThereforeS(A) = z and by (6),z £ f. Hence we
have constructed a set-psuch thatS(A) £ S(y) which
contradicts the initial hypothesis. O

6 Trangating Belnap’sfour-valued logic into
classical logic

In this section, we describe a translation approach of Belnap
logic into first-order logic and show that it is sound and com-

u. Then by the property of the ultrafilter the complement Plete with respect to Belnap’s semantic notion of entailment.

{n | sn(B1 A B2) # u1 ANu2} ¢ D, and henceV ¢ D,
which is a contradiction. Therefor8(a) = uy A uy = w.

(V) The proof is analogous to the previous case. O

Proposition 2 Let s bea set-up and A an infinite set of for-
mulae. There exists A,, C A, A, finite, such that for all
Ap D AnaS(Am) = S(An)

Pr oof
thats(A,,) # s(Ay,). Sinces(Ay,) < sm(Ay), it follows
that s(A,,) < s(Ay).

since4 is finite. O

Theorem 2 (Finiteness) Let A be an infinite Belnap theory
and ¢ aBelnapformula. If A — ¢, thenthereexists A’ C A
st. A’isfiniteand A’ — .

Proof By contrapositive. We assume that:
for all finite A’ C A, A" A4 . (5)

and show that\ /4 . By the definition of— and (5) we get

thatVA; C A there exists;, such thats; (A;) £ si(¢). Let
do, d1, . . . be an enumeration of all formulaeiandr an in-
dex set constructed as follow$:= {Ag, Ay,...,Ap, ...},
whereA; = {dg,...,d;}. Let D be an ultrafilter oved,

defined ag{ Ay, Ay, ...}, whereA; = {A; | i > j}. Con-
sider the ultraproduct = I1ps;. By Theorem 1S behaves
exactly as a normal set-up, and hence, for any fornaula

S(a) = uq iff {m | sm(a) =us} € D. We show that
for all A" C A, A’ finite, S(A") £ S(p). (6)
SupposedA, C A st. S(A,) < S(p). LetS(A,) = uy

for someu,, andS(p) = f, for somef. By the definition of

S, N ={j|s(An) =u,} € DandF = {k | si(p) =
f} € D. By construction ofD, the setA,, = {i | i >
j} € D, and therefore the séif = NN A, = {m | m >
j and s, (A,) = u,} € D. Notice thatA,, D A, for
all m € M and therefores,, (Ay,) < sm(Ap).
the setF' N M. SinceD is afilter, FN M = {h | sp(p) =

fand sp(A,) = u,} € D. Inparticular, by the construction

of the ultraproduct
L sp(Ap) <sp(Ap) =u, < f

3Note that for any: € 4, ~—z = z.

Suppose that for alA ,,, there exists\ ,, O A,, such

This will lead to a infinite (strict)
descending sequence of valuedjrwhich is a contradiction,

Consider

Let £ be a two sorted first-order language composed of the
sortF, calledB-formulae, and the sorV calledtruth values.

The set of constants of the sdftis the set of propositional
letters in Belnap’s logic, whereas termsBfare constructed
using three main functions, A, andV which correspond
to the connectives i 5. The set of ground terms of is
therefore equivalent to the set of Belnap wffs. The 3bi$
instead composed of two constant symbgtsff}, the basic
constants from which Belnap’s four-valued semantics can be
constructed.£ also contains the two-sorted binary predicate
holds. holds takes as first arguments,terms, and as second
arguments/ terms. F variables will be denoted with, y,
z,.... First-order formulae are constructed in the usual way.

Ground atomic formulae can be of two typledds(y, tt)
andholds (v, ff) for any Belnap wffsp andi. Atomic for-
mulae of the first type mean thatt“c v(y)”, for some
4-valuationwv, which is equivalent to say that for sorde
valuation,yp is at least true. Atomic formulae of the second
type state instead thaff“c v(v)”, for some4-valuationv,
which is equivalent to say that for sorevaluation,) is at
least false. With these two types of atomic formulae it is pos-
sible to express Belnap’s full four-valued semantics. For ex-
ample, to say that a formula has valueBoth under some
4-valuationv, we can writeholds(a, tt) A holds(a, ff).

The semantic behavior of Belnap connectives is fully cap-
tured by the following first-order axiomatisation.

Definition 9 Given the two language$g and., Ag is the
first-order axiomatisation of Belnap four-valued semantics
given by the following six axioms:

Vzlholds(z,ff) <> holds(—z, 1t)] (Ax 1)
Vzlholds(z,tt) <+ holds(—z, ff)] (Ax 2)
Ve, y[holds(z A y,tt) <+ (holds(z,tt) A holds(y,tt))] (Ax3)
Ve, ylholds(z A y,ff) <> (holds(z, ff) V holds(y, f))] (Ax 4)
Vz,ylholds(z V y,tt) <> (holds(z,tt) V holds(y,tt))] (Ax5)
Ve, ylholds(z V y,ff) <> (holds(z, ff) A holds(y,ff))] (Ax 6)

Thetrandation function 7 is a mapping from the set of Bel-
nap wffs to the set of ground atomic first-order formulae of
the formholds(y, tt). For a given Belnap formulg, its first-
order translation, denoted witt{e) or simplyy7, is the first-
order atomic formulaolds(¢p, tt). Belnap theories are trans-
lated into a classical theory whose (first-order atomic) for-
mulae are the translation of the Belnap formulae included in
the theory. In the specific case of finite Belnap theories (i.e.



finite sets of Belnap formulae), the translation can equiva- The idea now is to map the notion of acceptability seen in
lently be given by the translation of the conjunction of all Definition 3 to classical logic in such a way that the transla-
Belnap formulae included in the theory. For instance, lettion of unacceptable Belnap theories yieldsiconsistent clas-
T = {p1,...,p,} be afinite Belnap theory, its translation sical logic theories, when then a true revision can be per-
7(T"), or I'", can be given by the atomic first-order formula formed. We also need to ensure that the acceptability notion
holds(p1 A ... A pn, tt). This is the approach used in Theo- is included in the revising part, so that b *2), the result
rem 3. of the revision will be itselfacceptable, as long as the input
We are now going to prove that the above translation funcdis not itself unacceptable. Our notion of acceptability can be
tion together with the axiomatisatio g is sound and com- translated to classical logic in the following way:

plete with respect to Belnap semantic notion of entailment. pinition 10 Acceptability axiom for Belnap theories:
Theorem 3 (Correspondence) Let ¢ and ¢ be two Belnap Ace = Va[(holds(a,tt) A holds(a, ff)) — L] O

glrggl(?pe.tt;' gﬁg fﬁB_: ;Lp 0;; i}}d f%n I,Y th«slg;?;l?fi(lﬂa ) F As we expected, the co-existence of contradictory (Belnap)
’ ’ ’ T information will not be tolerated by the revision process. This

The above statement captures, in first-order terms, the nowill force propositions to havat most one of the truth-values

tion of entailment given in Definition 5 whenevér is of tt andff. Intuitively, this filters out Belnap consequences with

the forma; A ... A a,, with {a;,...,a,} being a Bel- truth-valueBoth.

nap theory. More specifically, for the first conjunct of the In order to simplify notation, the following convention will

statement, the assumptidmlds (1), tt) is equivalent, by ax- be used:

iom (Ax 3), to holds(ay,tt) A ... A holds(an,,tt), which holds(a,tt) = aF holds(—a,tt) = @'

can be read as “al;, for eachl < i < n, are at least holds(a,ff) = a~ holds(—a,ff) = a~

true”. The consequendelds(yp,tt) can also be read as N

is at least true. Analogously, for the second conjunct in the"urthermore, we usea™ for —holds(a, tt), etc.

statement, the assumptietholds (v, ff) is equivalent, by ax- Belief revision in Belnap’s logic is defined as follows:

iom (Ax 4), to—holds(a1,ff) A ... A =holds(ay, ff), where  Definition 11 [Belief Revision in Belnap’'s four-valued

each-holds(«a;, ff) can be read asy; is not false”. logic] Let v» and ¢ be two Belnap formulae and™ (v ™)
The proof of Theorem 3 uses Lemmas 1 and 2, whosendy™ (™) their translation to classical logic as described

proofs can be found ifGabbayet al., 200d. above, respectively. Led g be as in Definition 9 andicc as

in Definition 10. The revision o by ¢, in symbolsyx ., is
Lemma 1 (Completeness) Let+) and ¢ betwo Belnap for-  gefined as

mulae. If ¢» — ¢, then A, holds(y,tt) F holds(ep,tt) and by = {7 | (et A Ap A Ace) F ot

Ap, =holds (v, ff) + =holds(yp, ff). and g (~p— A Ap A Ace) b -4~} 0

Lemma 2 (Soundness) Let and be two Beln . s
formulae. ( If AB,)holds(isztt) ,_(p holds (i, tt) aﬁg The compound statement in the definition is necessary be-

_ i cause of the way the translation was done. In fact, the pos-
Ap, =holds (1), ) - —holds(ip, ), thenv) = ¢. itive holds checks the relevant part of one half of the lattice
L4, i.e.,Both andT, whereas the negatiVeolds checks the
Proof of Theorem 3. The “if-part” is given by Lemma 2 other half, i.e.None andT. F needs not to be checked since

whereas the “only-if” part is given by Lemma 1. O it is less than or equal any valuelir.
Notice that, withoutdce, the revision ofiy by ¢ is simply
7 Revising Belnap’s four-valued logic ¥ N ¢. The correspondence axiom tell us thiat ¢ —

iff A A(WAp)T F Ayt andAg A= A @)™ B oy

In this section we illustrate our belief revision approach for Sincep™ A Ap is consistent withy T, o) %, (0T AAR) is just
non-classical logics by considering in detail Belnap’s four-y+ A o1 A Ap (the same for the negative part). The revision
valued logic. Part of our motivation here is to analyse thethen gives us ally’s such thaty™ A ¢™ A Agp F v+ and
role of inconsistency in the revision process. We have al-—y~ A—p~ AAp F —y~. Notice that in the presence df;,
ready mentioned that the result of the revision process is aly)™ A pt « (Y A )t and—y~ A—p~ < =(p Ap)~ (from
ways consistent provided that the revising formula is not itself(Ax 3) and (Ax 4), respectively). Therefore, we get alls
contradictory(K*5). More importantly, if the old theory is suchthatdg A (Y Ap)T T andAg A=(YAp)™ F =y,
consistent with the new formula, then troe revision is per- ~ whichis{y | ¥ A ¢ — ~}.
formed, i.e., the revision is equivalent to an expansion. This .
may cause problems if the notion of consistency of the ob-/-1 AGM postulates under Belnap’s per spective
ject language differs significantly to that of classical logic. In (K*1) x;¢ is a belief set
such cases, we need to seek for alternatives in ordeigger In our terms, this means that the set of Belnap formulae that
the revision process in the translation. we receive back from the revision process should be closed

Our view is that one does not need to be limited to theunder—. In other words;y € ¢ iff ¥y — 7. (Only
notion of consistency in the object language, as long as somi) if v € x,(p, it follows by reflexivity of — thatyx,p —
notion of acceptability of theories in the object language is ~. (if) Suppose that)+,p — v, we need to show that €
defined via classical logic axioms. Y*pp. By the correspondence theoremyif,o — ~, then



{Ap} U {a™ | . (pt A Ap A Acc) - at} = ~vT and  and alsadp F —holds(p, ff) <> —holds(v, ff). We show the

{AptU{—~a™ | W *,(mp~ AAp ANAcc) - —a~ } F =y~ positive part only. The negative part is similar. It is easy to
Notice that{ A} U {a™t | vt x. (0T AAp A Acc) Fat}  seethat (ApAp™) < (A AyT). By (K*6), T x,(pt A

C Ytx,(pt AApAAce) since by(K*2), Ap € Y, (0T A ApAAcec) = ¢, (v"AApAAcc). The same happens with

Ap A Ace) and by(K*1), ¥ x,(oT A Ap A Acc) is closed  the negative part and therefore, by the definition of revision

under classical logical consequence and hence contains afl Belnap’s logic i, = 1+p7y, and hencebs,p =, *py.

sucha™. By monotonicity of classical logic, it follows that (K*7) and(K*8): we argued in Section 2, page 2, that these

Y%, (T A Ap A Ace) F yF. By a similar argument, we : :
can show thats—#, (—p— A Ap A Acc) - -~ and hence two postulates have the meaning expresseddy; ) below:

€ Prpe. (K% g) Cnp(#ppU{y}) = ¢x(pAv), wheny is consistent

b In this case, being “consistent” meaasceptable. Accept-
* + + + '
Zemem:ertbati@( 32 ¢ ANApAAce € 1/1;a(90A/\A%/\ ability plays therefore no role in the revision process above,
(Igf)l)a';‘/):f ( (p/\Jr b //l\ /checc;i/’i ;j;(;j //\\ by c/\anfjcz{enge and hence),U{~} is acceptable. In first order logic terms,
, . B B ; - L2 .
D sa(ot A Ap A Acc) - . Similarly, -t (- A this means that the acceptability axiom is never used in the

n ey derivation of translated Belnap formulae.
Ap A Ace) - =™ By Definition 11,0 € ¢xy0. We sketch the proof as follows. Let us look first at the for-

(K*3) and(K*4): we argued in Section 2, page 2, that for mulae in the setx,o U {y}. These are the formulae in the
non-classical logics, the two postulates above have the mearet{q | ¢+, (ot A Ap A Ace) F at and —p s, (-~ A

ing expressed b{K ,) below: Ap A Acc) F =a~} U {~}. On the other hand, the formu-
(K3,4) If Ais consistent withK, thenKx,4 = Cn,(KU  lae in the setbx,(p A ) are the same formulae in the set
{A}). {B v *a((p Ay)T AA A Ace) BT and —tp7xq (~(0 A

In this case, being “consistent” meaasceptable. In other  ¢)~ A Agp A Acc) = —p~}. Now by the assumption
words, that acceptability plays no role in the revision processand (K7 ;) for *,, we have thatCn(¢T*, (T A Ag A

The equivalence above was discussed previously, just beforgec) U {y+}) = ¢ x,((¢ A7) A Ap A Acc). No-
the beginning of Section 7.1. tice that Ag € ¢tx.(p" A Ag A Acc) U {yT}. ltis
(K*5) 1y = 1, onlyif ¢ is contradictory easy to show that ™ x,(o™ A Ag A Acc) U {yT} + BF
Similarly, this should have the following interpretatiop o~ and ==, (~¢~ A Ap A Ace) U {-y~} F =g~ iff § €
is unacceptable, only if is (itself) unacceptable.” Cnp({a | s (T AAB A Ace) F ot and —p~ x4 (-~ A

This can be shown, if we remember that we artificially A A Acc) F —a~} U {y}). Similarly, pTx,((¢ A7)t A
forced the translation of unacceptable Belnap theories to bels A Acc) F BT and—¢~x,(=(¢ A 7)™ A Ap A Acc) +
classically inconsistent. This means, for instance, thati§ =3~ iff § € Cny({a | ¥Tx.((¢ A )T A A A Ace) +
not itself unacceptable, the «, (ot A Ag A Acc) isclas-  aT and ~p~ %4, (=(@ Ay)” A Ap A Ace) F —~a™ }).
sically consistent.

Supposeyx,p is unacceptable, we must show thatis 8 Conclusions

unacceptable. From the assumption, it follows that
. We have presented a way of exporting an AGM revision pro-
Yrop = v and Yrop = =y Q) cess in classical logic to non-classical logics. The approach
for somey in Lg. By the correspondence theorem and (7),can be used for any non-classical logic whose semantics is
{Ag}U{a™ | T*, (¢t ANAB AN Ace) Fat} AT, first-order logic axiomatisable. Moreover, as shown in Propo-
Notice that{ Ap} U {a™ | ¥ T*,(¢T AAB A Acc) Fat}  sition 2, the approach here described is also applicable to
C T, (T AApAAcc) since by(K*2), Ap € Tx,(pt A non-classical logics whose underlying semantic lattice does
Ap A Ace) and by(K*1), ¥+, (0T A Ap A Acc) is closed  not have an infinite decreasing chain of truth-values. Further
under classical logical consequence and hence contains aMlork is still needed in order to apply the approach to other
suchat. Also notice that by the correspondence theorem anchon-classical logics, such as Fuzzy logic, where the underly-
(M), {A} U {at | vT*,(p" A Ap A Acc) - at} 5T, ing structure does not respect this property.

For the same reasofdp} U {a™t | %, (0T A Ap A Acc) There are considerable benefits for adopting our approach.
Fat} Cotx.(pt AAp A Ace) and therefore)tx,(p™ A Various translation mechanisms have been developed for
Ap A Ace) F 4t AFT = holds(v,tt) A holds(—, tt). many non-classical logics, which allow to mimic the non-

Now Ap A holds(—y,tt) + holds(v,ff). By (K*1), classical logical reasoning within the context of classical
Y%, (T A Ap A Acc) F holds (v, tt) A holds(v, ff). Acc € logic. Existing results in the literature have already shown
Y%, (0T A Ap A Ace) Tk (0T A A A Acc) - L. By the benefits that such translations mechanisms can provide,
(K*5), (¢ AAp A Acc) must be contradictoryd s andAce  e.g., to give an object logic a semanti¢Broda et al.,
do not introduce themselves any inconsistencies, so it must999, to compare it with other logics, to get decidabil-
be the case that is itself unacceptable. ity/undecidability results, to make use of automated deduc-
(K*6) If ¢ =, v, thenps,p =, sy tion of classical logic, etc. Our approach can equally benefit

from building upon a translation method and classical AGM

In Belnap’s logic,p =, v meansy — ~ andy — . belief revision, as it can allow to make use of existing auto-
By the correspondenced s + holds(p,tt) <> holds(y,tt)  mated systems for classical belief revision but in the context



of non-classical logics. Moreover, revision theory for classi-
cal logic is very well developed. There are various notions
and fine tuning involved, and using translation mechanisms
into classical logic will not only open a wealth of distinctions
for the source logic but also enrich classical logic revision it-
self with new ideas and problems arising from non-classical
logics.

Furthermore, from the point of view of classical logic, our
approach is a first example of a more general revision pro-
cess, calledelative revision. This concept can be defined as
follows. Given a theoryl" of classical logic (for example a
theory of linearly ordered Abelian groups, we can talk about
a set of sentences being acceptable (i.eCn(7" U A) being
acceptable) We can talk about revision relative 0 of A
by ) (denoted byA x7 1) yielding a new acceptable theory
A’ = A x7 9. The case wher& arises in connection with
a translation from another logic is only one instance of this
general relative revision. A complete and detail framework
for relative revision is subject of our future work.
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“Let M be a class of models @f. A is T-consistent ifA U T
has a modelA is M-acceptable i\ UT has a model io\. Given
A and+, we want the result of the revision df by ¢ to be M-
acceptable.



