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Causal Scores as Explanations: The Gist

• A binary classification model C learnt by the bank
to decide if clients are worthy of a loan or not

• We see and treat C as a black box

classifier

e
loan? No! (label 1)

e = ⟨john, 18, plumber, 70K, harlem, . . .⟩

• Why? Which feature values explain this outcome?

Which values are the (main) causes for the outcome?

• Perform counterfactual interventions: (Halpern & Pearl, 2001)

e′ = ⟨john, 25, plumber, 70K, harlem, . . .⟩ Yes (label 0)

e′′ = ⟨john, 18, plumber, 80K, brooklyn, . . .⟩ Yes

• Value for Age is counterfactual cause with Resp(e,Age) = 1

Value for Income is actual cause with Resp(e, Income) = 1
2

• More responsible values are better explanations for the label

• Feature F as actual cause: Resp(e,F ) := 1
1 + min # of extra changes︸ ︷︷ ︸

(contingencies)
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The Resp Score: Simple Case

• For binary features this works fine

• There could be many values that do not change the label, but
only one of them does: original value not great explanation.

Better consider all possible values for each fixed feature.

So, no contingent changes (of other values)

• Consider the average label obtained this way.

For non-binary features, Resp can be expressed as an
expected value: (paper at DEEM@SIGMOD’20)

• Entity e = ⟨. . . , eF , . . .⟩, F ∈ F (set of features)

Counter(e,F ) := L(e)︸︷︷︸
1

−E(L(e′) | e′F∖{F}︸ ︷︷ ︸ = eF∖{F})

(coincides with e outside F )

• Easy to compute, worth trying ...

Gives reasonable results (c.f. below)

• Requires (estimated) probability on entities
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The Resp Score: General Case

• Changing one value (no contingencies) may not switch label.

No explanations are obtained.

Better consider both contingencies and average labels!

• e entity under classification, with L(e) = 1, and F ⋆ ∈ F.
“Local” Resp-scores:

Resp(e,F ⋆,F , Γ, w̄) :=
L(e′)−E[L(e′′) | e′′F∖{F⋆}= e′F∖{F⋆}]

1+|Γ| (∗)
• Γ ⊆ F ∖ {F ⋆} (potential contingent set of features)

• e′ := e[Γ := w̄ ], L(e′) = L(e) (potential contingent values)

• e′′ := e[Γ := w̄ ,F ⋆ := v ], with v ∈ dom(F ⋆)

• When F ⋆(e) ̸= v , L(e′′) ̸= L(e), F ⋆(e) is actual causal
explanation for L(e) = 1 with contingency ⟨Γ, eΓ⟩

• In general: Resp(e,F ⋆) := max Resp(e,F ⋆,F , Γ, w̄)
⟨Γ, w̄⟩, |Γ| min., (∗) > 0

• Can be computed w/o using internals of C
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The Shap Score

• Use Shapley values as in coalition game theory (1959)
Lloyd Shapley, Nobel Prize in Economics 2012, with Alvin Roth

• Shapley value is a established measure of contribution by
individual players to a common wealth function

• It emerges as the only measure that enjoys certain desired
properties

• For each game one defines an appropriate game function
(here associated to the numerical classification label)

• Feature values in e can be seen as players in a coalition game.

Each of them contributing to a shared wealth function

• Assume the classifier is binary, with labels 0 and 1

• Set of players F contain features (better, their values for input e)

• Game function: Ge(S) := E(L(e′) | e′S︸︷︷︸ = eS) (eS : projection on S)

set of players S ⊆ F coincides with e on S
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• For a feature F ⋆ ∈ F , compute: Shap(F ,Ge,F ⋆) :=∑
S⊆F\{F⋆}

|S|!(|F|−|S|−1)!
|F|! [E(L(e′|e′S∪{F⋆} = eS∪{F⋆})− E(L(e′)|e′S = eS)]

• All possible permutations of subsets S of F ∖ {F ⋆}
• Average of differences between expected label having F ⋆(e)

fixed and not

• Quantifies the contribution of feature value F ⋆(e) to
classification result

• Counterfactuals implicitly involved and aggregated

• Shap has become popular explanation score
(Lee & Lundberg; 2017)

• Assumes a probability distribution on entity population.

May be estimated from empirical data

• So as Resp, Shap can be computed with black-box models
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Experimenting with Scores

• In general, Resp and Shap consider exponentially many value
combinations.

Both are computationally intractable in the worst case.

Still, Resp is in general simpler to compute

• We experimented with Resp and Shap

• 13 features of the Kaggle dataset for fraudulent card
transactions

Experiments

13 features of the Kaggle loan dataset: (first 2 are categorical)

0. credit.policy
1. purpose
2. int.rate
3. installment
4. log.annual.inc
5. dti
6. fico

7. days.with.cr.line

8. revol.bal

9. revol.util

10. inq.last.6mths

11. delinq.2yrs

12. pub.rec

Classification about grating a loan (0) or not (1)

Classification done with XGBoost with Python library (rather opaque model)

8K training entities, 2K test entities

18

Classification about “fraudulent” (1) or not (0)

• XGBoost classifier using Python library (rather opaque
model, basically black-box)
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• 8K training entities, 2K test entities
Frequency of best feature chosen counter-score for label 1
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• Also experimented with FICO dataset for loan assignment.
(“Fair, Isaac and Company”, https://www.fico.com)

Computed Resp, Shap, Banzhaf, and FICO-Rudin scores.

C. Rudin uses internals of open-box model (two coupled logistic regressions)

• 23 features plus bucketization: requires approximate and
optimized computations of black-box scores.

Counter and Resp gave quite reasonable results
• Collaboration with Dan Suciu (U. Washington), Max Schleich (U.

Washington, RelationalAI), Foula Vagena (U. Paris, RelationalAI)
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Shap and Open Models

• Can we do better at computing Shap (or Resp) when we have
access to the internals of the classification model?

classifier

e
loan?

No!

CHAPTER 3 DECISION TREE LEARNING 53 

Noma1 Strong Weak 

No 
\ 

Yes 
/ 

No 
\ 

Yes 

FIGURE 3.1 
A decision tree for the concept PlayTennis. An example is classified by sorting it through the tree 
to the appropriate leaf node, then returning the classification associated with this leaf (in this case, 
Yes or No). This tree classifies Saturday mornings according to whether or not they are suitable for 
playing tennis. 

from that node corresponds to one of the possible values for this attribute. An 
instance is classified by starting at the root node of the tree, testing the attribute 
specified by this node, then moving down the tree branch corresponding to the 
value of the attribute in the given example. This process is then repeated for the 
subtree rooted at the new node. 

Figure 3.1 illustrates a typical learned decision tree. This decision tree clas- 
sifies Saturday mornings according to whether they are suitable for playing tennis. 
For example, the instance 

(Outlook = Sunny, Temperature = Hot, Humidity = High, Wind = Strong) 

would be sorted down the leftmost branch of this decision tree and would therefore 
be classified as a negative instance (i.e., the tree predicts that PlayTennis = no). 
This tree and the example used in Table 3.2 to illustrate the ID3 learning algorithm 
are adapted from (Quinlan 1986). 

In general, decision trees represent a disjunction of conjunctions of con- 
straints on the attribute values of instances. Each path from the tree root to a leaf 
corresponds to a conjunction of attribute tests, and the tree itself to a disjunc- 
tion of these conjunctions. For example, the decision tree shown in Figure 3.1 
corresponds to the expression 

(Outlook = Sunny A Humidity = Normal) 

V (Outlook = Overcast)  

v (Outlook = Rain A Wind = Weak)  

What with a decision tree (DT),
or a random forest, or a ...?

• Can we compute Shap fast? (in polynomial time)

Taking advantage of its components

• There was the conjecture that for DTs this can be done.

We investigated this problem in detail in a AAAI’21 paper

• Identified tractable and intractable cases, with algorithms for
the former

• In particular, proved tractability for DTs and random forests
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• How to go about establishing these results?

• As a mathematical problem, it requires the right abstraction

• That includes the case at hand

• Leaves aside contingent details that complicate analysis/proof

• There are tools and results for it (reduction)

• Possibly generalizes to other interesting cases

• We investigated deterministic and decomposable Boolean
circuits (dDBCs)

More specifically, we investigate Boolean classifiers de-
fined as deterministic and decomposable Boolean circuits, a
widely studied model in knowledge compilation (Darwiche
2001; Darwiche and Marquis 2002). Such circuits encom-
pass a wide range of Boolean models and binary deci-
sion diagrams classes that are considered in knowledge
compilation, and in AI more generally. For instance, they
generalize binary decision trees, ordered binary decision
diagrams (OBDDs), free binary decision diagrams (FB-
DDs), and deterministic and decomposable negation normal
norms (d-DNNFs) (Darwiche 2001; Amarilli et al. 2020;
Darwiche and Hirth 2020). These circuits are also known
under the name of tractable Boolean circuits, that is used in
recent literature (Shih, Darwiche, and Choi 2019; Shi et al.
2020; Shih, Choi, and Darwiche 2018b,a; Shih et al. 2019;
Peharz et al. 2020). We provide an example of a determin-
istic and decomposable Boolean circuit next (and give the
formal definition in Section 2).

Example 1.1. We want to classify papers submitted to
a conference as rejected (Boolean value 0) or accepted
(Boolean value 1). Papers are described by features fg, dtr,
nf and na, which stand for “follows guidelines”, “deep the-
oretical result”, “new framework” and “nice applications”,
respectively. The Boolean classifier for the papers is given
by the Boolean circuit in Figure 1. The input of this cir-
cuit are the features fg, dtr, nf and na, each of which can
take value either 0 or 1, depending on whether the feature is
present (1) or absent (0). The nodes with labels ¬, ∨ or ∧ are
logic gates, and the associated Boolean value of each one of
them depends on the logical connective represented by its
label and the Boolean values of its inputs. The output value
of the circuit is given by the top node in the figure.

The Boolean circuit in Figure 1 is said to be decompos-
able, because for each ∧-gate, the sets of features of its in-
puts are pairwise disjoint. For instance, in the case of the top
node in Figure 1, the left-hand side input has {fg} as its set
of features, while its right-hand side input has {dtr, nf, na}
as its set of features, which are disjoint. Also, this circuit is
said to be deterministic, which means that for every ∨-gate,
two (or more) of its inputs cannot be given value 1 by the
same Boolean assignment for the features. For instance, in
the case of the only ∨-gate in Figure 1, if a Boolean assign-
ment for the features gives value 1 to its left-hand side input,
then feature dtr has to be given value 1 and, thus, such an as-
signment gives value 0 to the right-hand side input of the ∨-
gate. In the same way, it can be shown that if a Boolean
assignment for the features gives value 1 to the right-hand
side input of this ∨-gate, then it gives value 0 to its left-hand
side input.

Readers who are not familiar with knowledge compila-
tion can simply think about deterministic and decomposable
circuits as a tool for establishing in a uniform manner the
tractability of computing SHAP-scores on several Boolean
classifier classes. Our main contributions are the following:

1. We provide a polynomial time algorithm that com-
putes the SHAP-score for deterministic and decompos-
able Boolean circuits, in the special case of uniform prob-

¬

∧

∨

∧

Figure 1: A deterministic and decomposable Boolean Circuit
as a classifier.

ability distributions (that is, when each p(x) is 1
2 ). In par-

ticular, this provides a precise proof of the claim made in
(Lundberg et al. 2020) that the SHAP-score for Boolean
classifiers given as decision trees can be computed in
polynomial time. Moreover, we also obtain as a corollary
that the SHAP-score for Boolean classifiers given as OB-
DDs, FBDDs and d-DNNFs can be computed in polyno-
mial time.

2. We observe that computing the SHAP-score on Boolean
circuits in a class is always polynomially as hard as the
model counting problem for that class (under a mild con-
dition). By using this observation, we obtain that each one
of the determinism assumption and the decomposability
assumption is necessary for tractability.

3. Last, we show that the results above (and most interest-
ingly, the polynomial-time algorithm) can be extended to
the SHAP-score defined on product distributions for the
entity population.

Our contributions should be compared to the results ob-
tained in the contemporaneous paper (Van den Broeck et al.
2020). There, the authors establish the following theorem:
for every class C of classifiers and under product distribu-
tions, the problem of computing the SHAP-score for C is
polynomial-time equivalent to the problem of computing the
expected value for the models in C. Since computing expec-
tations is in polynomial time for tractable Boolean circuits,
this in particular implies that computing the SHAP-score is
in polynomial time for the circuits that we consider; in other
words, their results capture ours. However, there is a funda-
mental difference in the approach taken to show tractability:
their reduction uses multiple oracle calls to the problem of
computing expectations, whereas we provide a more direct
algorithm to compute the SHAP-score on these circuits.

Our algorithm for computing the SHAP-score could be
used in practical scenarios. Indeed, recently, some classes
of classifiers have been compiled into tractable Boolean cir-
cuits. This is the case, for instance, of Bayesian Classi-
fiers (Shih, Choi, and Darwiche 2018a), Binary Neural Net-
works (Shi et al. 2020), and Random Forests (Choi et al.
2020). The idea is to start with a Boolean classifier M given
in a formalism that is hard to interpret – for instance a Bi-
nary neural network – and to compute a tractable Boolean
circuit M ′ that is equivalent to M (this computation can be

2

x1

x2 x3 x4

• Can be used as classifiers with binary
features and labels

• Only one disjunct true (determinism)

• Conjuncts do not share variables
(decomposition)

• Have been investigated by AI community (knowledge compilation)

• Shap computation is tractable for dDBCs (and we have an algorithm)

10 / 13



• Why does it matter?

• We get tractability of Shap for free for a vast collection of
classification models

• Classifiers can be compiled (transformed) fast into dDBCs

• Decision Trees (even with non-binary features)

• Random Forests

• Binary Neural Networks

• Ordered Binary Decision Diagrams (OBDDs)

• ...

• Collaboration with Marcelo Arenas (IMFD), Pablo Barcelo
(IMFD, Cenia) and Mikäel Monet (U. & INRIA Lille)

• Journal submission extended with (non-) approximation
results for intractable cases of circuits (not d-DBCs)
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Extensions: Reasoning about X-Scores

• I am working and publishing on score specification and
computation via ASP (in interaction with classifiers)

• To reason about counterfactuals and scores
Have been invited to give presentations and tutorials at international venues

• For the gist: Entity ent(e, john, 18, plumber, 70K, harlem, o︸︷︷︸
original

)

ent(e, x1, x2, x3, x4, x5, o), class(e, no), pick(x ′2), domA︸ ︷︷ ︸
Age domain

(x ′2), x
′
2 ̸= x2

−→ ent(e, x1, x ′2, x3, x4, x5, tr︸︷︷︸
transition

)

ent(e, x1, . . . , x5, tr), class(e, yes) −→ ent(e, x1, . . . , x5, cf︸︷︷︸
counterfactual

)

• ASP-systems enable counterfactual reasoning, and gathering
of minimum-size contingency sets (for score computation)

• One can enrich the specification with desirable properties of
counterfactuals
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• A feature value (as explanation) is actionable or a recourse if
we can do something with it.

In order qualify for a loan, I cannot get younger, but possibly
if I change my job.

Actionability can be logically specified and enforced

• There are also close and investigated connections with the
effervescent area of fairness in AI

• What if feature “Race” determines the outcome?

• There is the notion of “protected attribute”

….….
race

income

age

Loan?

No!Yes!

e1 e2

e1
e2

Entities diverge at Race, with different labels

• With ASP-based specifications this can be
detected or prohibited

• More generally, one can query counterfactuals
for different properties (TPLP 22, IJCLR’21)
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