
Probabilistic Databases for
Query Answering under

Missing Values

Leopoldo Bertossi

Joint work with: Farouk Toumani (U. Clermont-Ferrand, France)

Dagstuhl Seminar 26221, May 2026 www.scs.carleton.ca/∼bertossi

https://people.scs.carleton.ca/~bertossi/


DBs with Missing Values

Ao Bo C⋆

τ1 a 0 0
τ2 a 0 0
τ3 a 1 na
τ4 a 1 0
τ5 a 1 na
τ6 a 1 1
τ7 a 1 na
τ8 a 1 2

“observed” DB D⋆

• Ao ,Bo always observed variables (no MVs)

C ⋆ is the observed version of underlying
variable Cm that may have missing values

• Occurrence of MVs is governed by
a Missingness Mechanism (MM)

Dependencies upon the same or other variables

MMs first formulated/investigated/applied by Donald Rubin

• MMs can represented by Causal or
Bayesian Networks (K. Mohan & J. Pearl)

3 Quantitative MGs and Data Semantics
Let us assume that we have an observed DB D⋆ and a “quantitative” MG
M, which defines a joint distribution, PM, over the database attributes (of
the forms Xm, Y o) and those of the forms X⋆, IX (see Section 2.2).

From here on, we make the extra special assumptions that, for every
c ∈ dom(Xm):

PM(X⋆ = na | IX = 1, Xm = c, . . .) = 1, (3)

PM(X⋆ = na, . . . | IX = 0, Xm = c, . . .) = 0, (4)

PM(X⋆ = c | IX = 0, Xm = c, . . .) = 1, (5)

PM(X⋆ = na, . . . | IX = 1, Xm = c, . . .) =

PM(. . . | IX = 1, Xm = c, . . .), (6)

PM(X⋆ = c, . . . | IX = 0, Xm = c, . . .) =

PM(. . . | IX = 0, Xm = c, . . .). (7)

Different probabilities can be computed using PM.

Example 5. Consider the observed DB D⋆ in Table 4. Assume that
A,B do not take MVs, but C can according to the MG in Figure 2.
Attribute Ao is independent from all the other attributes. Furthermore,
(C⋆ ⊥⊥ Bo) | {Cm, IC}.

R⋆ Ao Bo C⋆

τ1 a1 0 c1
τ2 a2 1 na
τ3 a3 0 c3
τ4 a4 0 c4
τ5 a5 1 c5
τ6 a6 1 na

Table 4: Observed DB with tids

Xm Yo

Zm

Wo

Cm IC

C*

YoZm

IZZm*

Bo

 A o

Figure 2: Another MG

12

• Values for C ⋆, including MVs, depend
on Cm and Bo via IC

IC : Missingness indicator variable (0 or 1) M MAR case
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• MMs can be used to do classic imputation

• Want to query “underlying” DB Dm, but we only have D⋆

• Many possible Dms ...

• Determined by what?

• Which one?

• With what properties?

• Computed how?

• ...

• Instead of usual imputation methods, build a Probabilistic DB
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Probabilistic DBs for MVs

• Each underlying value for Cm has a probability of being the
one missing Dom(Cm) = {0, 1, 2}
Determined by MGM and other information in the tuple

Ao Bo C⋆

τ1 a 0 0
τ2 a 0 0
τ3 a 1 na
τ4 a 1 0
τ5 a 1 na
τ6 a 1 1
τ7 a 1 na
τ8 a 1 2

PM(Cm = 0 | Ao = a,Bo = 1,C⋆ = na) ?

• Assume:

3 Quantitative MGs and Data Semantics
Let us assume that we have an observed DB D⋆ and a “quantitative” MG
M, which defines a joint distribution, PM, over the database attributes (of
the forms Xm, Y o) and those of the forms X⋆, IX (see Section 2.2).

From here on, we make the extra special assumptions that, for every
c ∈ dom(Xm):

PM(X⋆ = na | IX = 1, Xm = c, . . .) = 1, (3)

PM(X⋆ = na, . . . | IX = 0, Xm = c, . . .) = 0, (4)

PM(X⋆ = c | IX = 0, Xm = c, . . .) = 1, (5)

PM(X⋆ = na, . . . | IX = 1, Xm = c, . . .) =

PM(. . . | IX = 1, Xm = c, . . .), (6)

PM(X⋆ = c, . . . | IX = 0, Xm = c, . . .) =

PM(. . . | IX = 0, Xm = c, . . .). (7)

Different probabilities can be computed using PM.

Example 5. Consider the observed DB D⋆ in Table 4. Assume that
A,B do not take MVs, but C can according to the MG in Figure 2.
Attribute Ao is independent from all the other attributes. Furthermore,
(C⋆ ⊥⊥ Bo) | {Cm, IC}.

R⋆ Ao Bo C⋆

τ1 a1 0 c1
τ2 a2 1 na
τ3 a3 0 c3
τ4 a4 0 c4
τ5 a5 1 c5
τ6 a6 1 na

Table 4: Observed DB with tids
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Cm IC

C*

YoZm

IZZm*

Bo

 A o

Figure 2: Another MG
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Bo IC PBo(IC)
0 0 1
0 1 0
1 0 1

4

1 1 3
4

Table 1: Parameterized distribution

observed or partially observed ones, resp. A DB instance, D, for this
schema is usually not available, because we do not know the real values for
variables Xm. We denote with S⋆ the associated observed schema that has
variables X⋆ replacing the Xm. The former are always observed, possibly
showing na’s. A DB instance for the observed schema is usually denoted
with D⋆. Similarly, a relation schema (or predicate) R ∈ S, becomes
a relation R⋆ in D⋆. S+ denotes the expansion of schema S⋆ with the
indicator variables IX . In an instance for this schema, IX takes value 1
when, in the same tuple, X⋆ takes value na, and 0, otherwise. Finally, Sex
denotes the schema that contains all the variables in the MG, i.e. those of
the form Y o, Xm, X⋆, IX . In an instance, Xm takes the same value as that
of X⋆ when the latter in not na. See Example 4. The full joint distribution
PM is defined for the variables in Sex .
(b) We will assume that in MGs, variables of the form C⋆ will have no
incoming edges from variables other than Cm or IC . If there is a variable A
(including Cm itself), fully observed or not, that influences the missingness
in Cm, it has to do it via edges (or paths) pointing to Cm or IC . Variables
of the form Bo are always sources in the graph. The examples shown so far
are all of this kind.
(c) For an MG and an associated DB instance D⋆, we will assume that the
latter is compliant with the former in that: (c.1.) Variables of the form Bo,
never have MVs, and a variable of the form Cm has a MV in an attribute iff
IC takes value 1 in the same row of the expanded instance (see Table 2); and
(c.2.) The database satisfies both the (in)dependencies represented by the
MG and its induced distributions. This is a very relevant issue, somewhat
orthogonal to the problems addressed in this work, and is a matter of our
ongoing work. Various methodologies have been proposed to assess the
compatibility of a data set with a Bayesian network, such as model-fit
measures, e.g. maximum-likelihood [8, 1, 40], and information-theoretic
measures, e.g. Kullback-Leibler divergence [25]. ■
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PM(Cm = 0) := 1
2

PM(Cm = 1) = PM(Cm = 2) := 1
4

(distribution in M)

• Here:
p1
3 := PM(Cm = 0 | Ao = a,Bo = 1,C⋆ = na) = PM(Cm = 0) = 1

2

• Tuples are assumed to be independent
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• We obtain: Ao Bo Cm pBID

τ1 a 0 0 1
τ2 a 0 0 1

B(τ3)
a 1 0 1/2
a 1 1 1/4
a 1 2 1/4

τ4 a 1 0 1

B(τ5)
a 1 0 1/2
a 1 1 1/4
a 1 2 1/4

τ6 a 1 1 1

B(τ7)
a 1 0 1/2
a 1 1 1/4
a 1 2 1/4

τ8 a 1 2 1

• A Block-Independent PDB (BID)

• With a collection W of
possible worlds

• They are instances w/o MVs,
each with a global probability

• A possible world W with
probability (12)

3: a most-probable world

W

Ao Bo Cm

τ1 a 0 0
τ2 a 0 0

τ1
3 a 1 0

τ4 a 1 0

τ1
5 a 1 0

τ6 a 1 1

τ1
7 a 1 0

τ8 a 1 2

• We can define and do QA as
usual on PDBs

PW(Q) := ∑
W∈W
W |=Q

PW(W )

(coming back ...)

• In our case, QA turns out to be #P-hard
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Classes of Matching Possible Worlds

• Can we do something better?

• Some worlds are “matching”, i.e. identical as multisets

Example 14. (ex. 12 cont.) In this section we will be referring to Table
7. In it, we use the notation W v for possible worlds W , where v is a
vector of dimension n, the number of blocks in the BID. For example, the
world W [0,0,0] denotes the world for which the value 0 has been chosen for
attribute Cm from each of the three blocks of the BID. The possible world
W [1,2,0] denotes the world obtained by choosing for attribute Cm: From
block 1, the tuple with the value 1; from block 2, the tuple with the value 2;
and from block 3 the tuple with the value 0. In the first three columns of
Table 7, we find each world W , its encoding, and its probability PW(W ). ■

World Notation PW (W) dKL

W1 W[000] ( 1
2
)3 = 0.125 0.144

W2 W [001] ( 1
2
)2 × 1

4
= 0.06 0.062

W3 W [002] ( 1
2
)2 × 1

4
= 0.06 0.062

W4 W [010] ( 1
2
)2 × 1

4
= 0.06 0, 062

W5 W [011] ( 1
4
)2 × 1

2
= 0.03 0.072

W6 W[012] ( 1
4
)2 × 1

2
= 0.03 0.000

W7 W [020] ( 1
2
)2 × 1

4
= 0.06 0.062

W8 W[021] ( 1
4
)2 × 1

2
= 0.03 0.000

W9 W [022] ( 1
4
)2 × 1

2
= 0.03 0.072

W10 W [100] ( 1
2
)2 × 1

4
= 0.06 0.062

W11 W [101] ( 1
4
)2 × 1

2
= 0.03 0.072

W12 W[102] ( 1
4
)2 × 1

2
= 0.03 0.000

W13 W [110] ( 1
4
)2 × 1

2
= 0.03 0.072

W14 W [111] ( 1
4
)3 = 0.015 0.144

W15 W [112] ( 1
4
)3 = 0.015 0.042

W16 W[120] ( 1
4
)2 × 1

2
= 0.03 0.000

W17 W [121] ( 1
4
)3 = 0.015 0.042

W18 W [122] ( 1
4
)3 = 0.015 0.042

W19 W [200] ( 1
2
)2 × 1

4
= 0.06 0.062

W20 W[201] ( 1
4
)2 × 1

2
= 0.03 0.000

W21 W [202] ( 1
4
)2 × 1

2
= 0.03 0.072

W22 W[210] ( 1
4
)2 × 1

2
= 0.03 0.000

W23 W [211] ( 1
4
)3 = 0.015 0.042

W24 W [212] ( 1
4
)3 = 0.015 0.042

W25 W [220] ( 1
4
)2 × 1

2
= 0.03 0.072

W26 W [221] ( 1
4
)3 = 0.015 0.042

W27 W [222] ( 1
4
)3 = 0.015 0.144

Table 7: Possible worlds, world probabilities, and KLD
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Ao Bo Cm

τ1 a 0 0
τ2 a 0 0
τ13 a 1 0
τ4 a 1 0
τ35 a 1 2
τ6 a 1 1
τ17 a 1 0
τ8 a 1 2

Ao Bo Cm

τ1 a 0 0
τ2 a 0 0
τ33 a 1 2
τ4 a 1 0
τ15 a 1 0
τ6 a 1 1
τ17 a 1 0
τ8 a 1 2

PW (W [020]) = 1 × 1 × 1
2

× 1 × 1
4

× 1 × 1
2

× 1.

PW (W [200]) = 1 × 1 × 1
4

× 1 × 1
2

× 1 × 1
2

× 1.

Table 8: Matching worlds W [020] and W [200]

Classes Worlds PC(C) KLD

C1 W [002],W [020],W [200] 0.188 0.062

C2 W [011],W [101],W [110] 0.094 0.072

C3 W[012],W[021],W[102],W[120],W[201],W[210] 0.188 0.000

C4 W [111] 0.016 0.144

C5 W [001],W [010],W [100] 0.188 0.062

C6 W [022],W [202],W [220] 0.094 0.072

C7 W [112],W [121],W [211] 0.047 0.042

C8 W [000] 0.125 0.144

C9 W [122],W [212],W [221] 0.047 0.042

C10 W [222] 0.016 0.144

Table 9: Classes of matching possible worlds

same reduced instance, which inherits, in this case, the same probability
from the two worlds.

Ao Bo Cm

τ1 a 0 0
τ2 a 0 0
τ13 a 1 0
τ4 a 1 0
τ35 a 1 1
τ6 a 1 1
τ17 a 1 2
τ8 a 1 2

Ao Bo Cm

τ ′1 a 0 0
τ ′2 a 1 0
τ ′3 a 1 1
τ ′4 a 1 2

Table 10: World W [012] and its reduced version W [012]↓

Table 9 shows the ten different classes of matching worlds, including
it the third column the class probabilities defined in (16). The first world
of class C3 is shown in Table 10, left, and, to the right, its reduced version.
Actually, this reduced instance is the same for all the worlds in class C3. ■
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Two matching worlds

Group them in classes of matching worlds

Probability of a class is the sum of the
worlds’ probabilities (that may differ)
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Most Compliant Classes

• All worlds in a class return the same query answer

• Some worlds, so as their classes, may be more “compliant”
with the MG than others ...

Consistently with Definition 4(b), we denote
with Cmc

KL(D
⋆,M) and Cmc

EU (D
⋆,M) the set of

MC-classes with respect to the KL- and Eu-
clidean distances, resp.
Table 10: Classes and Compliance (bag se-
mantics).

Classes C Worlds PC(C) KLD(C)

C1 W [002],W [020],W [200] 0.188 0.431

C2 W [011],W [101],W [110] 0.094 0.518

C3 W [012],W [021],W [102], 0.188 0.452

W [120],W [201],W [210]

C4 W [111] 0.016 0.711

C5 W [001],W [010],W [100] 0.188 0.431

C6 W [022],W [202],W [220] 0.094 0.711

C7 W [112],W [121],W [211] 0.047 0.929

C8 W [000] 0.125 0.431

C9 W [122],W [212],W [221] 0.047 0.972

C10 W [222] 0.016 1.111

Goodness-of-Fit Compliance. An alter-
native take on possible-world compliance is
based on hypothesis testing. Given W ∈ W
as a sample, we test the hypothesis, H0, that
it fits the induced distribution PM. We use
the χ2-statistic:

χ2(W ) :=

m∑

i=1

(PE
W (āi) − PM(āi))

2

PM(āi)
, (m = |T |)

which, under H0, has approximately a χ2
m−1-

distribution [Wasserman,2010]. It can be
seen as a distance, actually a measure of the
relative square deviation of PE

W from PM.
In order to compare worlds, we can use a com-
pliance order based on the p-values for the
test: pV(W ) := PH0(χ

2 ≥ χ2(W )), that
is the probability (under H0) that χ2 -as a
random variable- is at least as contradictory
to H0 as the value of χ2(W ). It is defined
by: W1 <M

pv W2 iff pV(W1) < pV(W2). In
this way, we have the family Cmc

pv of most-
compliant classes based on the p-value of the
χ2-test.

7 Computing Classes

and QA

With a general notion of class-based query
answering (QA), and the most-compliant and
the most-probable collections of classes, we
can turn to computational problems that nat-
urally arise and to their computational com-
plexities.
We will concentrate only on most-compliant-
related computational problems. They will
be formulated and addressed using the class
representation in Remark 1; in particular,
we consider classes Ck, and a representative
world therein, Wk, that can also be seen as
encoding the degree of compliance of its class.
The notion of convex-separability
[Ahuja et al.,1993] associated to distances
will become critical. Intuitively, such dis-
tances d(·, ·) can be computed by aggregating
independent contributions associated with
individual tuples, so that the total distance
decomposes as a sum of per-tuple convex
terms: d(Ck,M) =

∑m
j=1 dj

(
kj, P

M(tj)
)
,

where each dj is a convex function cap-
turing the local cost of the assignment
made to tuple tj. The family of convex
separable functions encompasses many
classical measures of discrepancy, including
f -divergences [Ali et al.,1966] such as the
KL-divergence, the Hellinger distance , the
total variation distance, and the χ2-statistic,
as well as Lp-norms [Royden,1988], for
1 ≤ p < ∞, such as the L1 Manhattan
distance and the L2- Euclidean distance.
The following definition formalizes computa-
tional problems of interest related to MCC.

12

• Compute the (same)
empirical distribution of
members in a class:

PE
W (t) :=multW(t)/||W ||

(count as multisets)

• Kullback-Leibler Divergence, for comparison withM-induced
distribution: (T : set of different tuples)

DivKL(P
E
W ∥ PM) :=

∑
t∈T PE

W (t) ln
PE
W (t)

PM(t)

• Here, one most compliant class (there may be several)
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Algorithmic and Complexity Results

• We have several results on hardness of: arXiv:2604.06520

• Computation of Most-Probable Classes

• Computation of Most-Compliant Classes

• We can efficiently computing one most-compliant class

• By reduction to computing a “minimum-cost flow” in bipartite
graphs

• Once we have such a class, we can compute an MC-world, its
probability, and query it

Actually, a most probable in that class

• The results applies to a broad family of compliance measures,
in particular to KL

• Also efficiently a Pareto-optimal world

• Our implementation is more efficient than all common
baseline imputation methods
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Back to the BID

• What about QA directly on our BID?

• Our BID is not a tuple-independent PDB (TID)

For TIDs there are available methods and implementations

• Use “Marko-Views” to transform the BID into a TID
(A. Kumar Jha & D. Suciu, 2012)

• Impose soft-constraints à la Markov-Logic Networks on BID

Requesting: “at least one tuple per block”
“at most one tuple per block”

• Defined Marko-Views are their violation views

• Getting tuples into them has a high cost, i.e. heavy weight,
leading to:

- Changing the initial probabilities (via weights)

- DB tuples become independent
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• Observed DB D⋆ is queried via the resulting TID

• QA on the resulting TID is done with ProvSQL (P. Senellart et al.)

• It uses query-lineage and knowledge compilation for QA

• We have run experiments with relatively large DBs

• We are in the process of analysing, comparing and reporting
on QA ...

• Comparison with:

- Previously described approach

- The initial, baseline DB D on which MVs
were introduced using the MG, to create D⋆
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