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Abstract
In application areassuch as GIS, the Euclidean metric is often lessmeaningfully applied to determine

a shortest path than metrics which capture, through weights, the varying nature of the terrain (e.g.,
water, rock, forest). Considering weighted metrics however increasesthe run-time of algorithms consid-
erably suggesting the use of a parallel approach. In this paper, we provide a parallel implementation of
shortest path algorithms for the Euclidean and weighted metrics on triangular irregular networks (i.e., a
triangulated point set in which each point has an associated height value). To the best of our knowledge,
this is the �rst parallel implementation of shortest path problems in thesemetrics. We provide a detailed
discussionof the algorithmic issuesand the factors related to data, machine, implementation determining
the performance of parallel shortest path algorithms. We describe our parallel algorithm for weighted
shortest paths, its implementation and performance for single-sourceand multiple-source instances. Our
experiments were performed on standard architectures with di�eren t communication/computation char-
acteristics, including PCs interconnected by a cross-bar switch using fast ethernet, a state-of-the-art
Beowulf cluster with gigabit interconnect and a shared-memory architecture, SunFire.

1 In tro duction

Shortest path problems are among the fundamental problems studied in computational geometry and other
areasincluding graph algorithms, geographicalinformation systems(GIS) and robotics. Most of the existing
algorithms for realistic shortest path problems are either very complex and/or have very large time and
spacecomplexities. Hencethey are unappealing to practitioners and posea challengeto theoreticians. This
coupled with the fact that geographicmodels are approximations of reality anyway and high-quality paths
are favored over optimal paths that are \hard" to compute, approximation algorithms are suitable and
necessary. In our ongoing pursuit to tackle theseproblems we have proposedsimple and e�cien t sequential
algorithms, that approximate the cost of the shortest (weighted and unweighted) path within an additiv e or
multiplicativ e factor, see[5, 6, 7, 24, 25]. Their possiblepracticalit y has beendemonstrated in [25]. In GIS,
usually the instance of the given geometric con�guration is in the gigabytes to terabytes range and hence
even e�cien t sequential algorithms, in reality, will run extremely slow due to actual machine parameters. For
example,the sizeof main memory (caches) is typically a few hundred megabytes (up to gigabyte range). Due
to virtual memory e�ects and absenceof external memory aware algorithms for any of theseproblems, the
actual run time is orders of magnitude slower than on smaller problem instancesthat �t into main memory.

We now formally state the problems studied. Let s and t be two vertices on a given terrain (or possibly
non-convex polyhedron) P, in < 3, consisting of n triangular faces on its boundary, each face, f i has an
associated weight wi > 0. A Euclidean shortest path � (s; t) between s and t is de�ned to be a path with
minimum Euclidean length among all possiblepaths joining s and t that lie on the surfaceof P. A weighted
shortest path �( s; t) between s and t is de�ned to be a path with minimum cost among all possiblepaths
joining s and t that lie on the surfaceof P. The cost of a path is

P
di wi where di is the length of the path

through facef i . The weighted shortest path problem is computationally harder than the Euclidean instance;
e.g., the �rst algorithm (see Section 2) for weighted shortest paths even in 2 � d had a time complexity
proportionally to n8 (additional terms are ignored here).
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The high time-complexities and the large problem-sizesmotivate the study of parallel algorithms for
shortest paths, in particular for weighted shortest paths computations. In terms of scalability, the shortest
path problem itself appears to be inherently sequential. Adamson and Tick [1] state that no known one-
to-all graph shortest path algorithms are scalable. Thus the aim of most implementations is to achieve a
\reasonable" e�ciency - namely, e�ciency levels of 25%-60%with 2-16 processorshas beenachieved. The
goal in this research is to investigate the various factors that in
uence scalability for geometricshortest path
problems and to design, implement, and experimentally study an approximation algorithm for computing a
weighted shortest path � 0(s; t) betweentwo points s and t on the surfaceof a polyhedron P, and demonstrate
its practicalit y. We study both the single-sourceand multiple-source settings. Our parallel algorithm is
basedon a new, e�cien t way to partition the data in a manner that lends itself well to solving the class
of propagation-type problems which include the shortest path problem. (Propagation-type problems are
problemson images/maps(raster or vector) whereevents (e.g., �res, diseases)start at oneor more location(s)
and then propagate (spread) through the image according to somepropagation function.)

The remainder of this paper is organizedas follows. In Section 2 we give a brief survey of previous work
on shortest path problems in sequential and parallel settings. Therein, we discushow our work comparesto
the previous work in terms of the performance-relatedfactors. Following this, in Section 3, we describe our
algorithm in detail. Then in Section4, we discussthe experiments that wereconductedin order to assessthe
performanceof the algorithm and present the results observed pertaining to particular performance-related
factors. Finally, we concludewith Section 5.

2 Related Work and Our Approac h:

We brie
y discusshere someof the work that has been carried out for solving shortest path problems in
di�eren t scenarios. We then discussthe performancefactors of parallel shortest path algorithms and their
implementations.

2.1 Previous Shortest Path Work:

Shortest path problems in computational geometry can be categorizedby various factors which include the
dimensionality of the space,the type and number of objects or obstacles(e.g., polygonal obstacles),and the
distance measureused (e.g., Euclidean or weighted distances). Several research articles, including surveys
(see[27, 30, 31]), have beenwritten presenting the state-of-the-art in this active �eld. Here we discussthose
contributions which relate more directly to our work; theseare in particular stated in 2 and 3-dimensional
weighted scenarios.

In two dimensionsseveral variations of shortestpath problemshavebeenstudied over the last two decades.
This includes computing Euclidean shortest paths and answering shortest path queriesbetween two points
inside a simple polygon and amidst polygonal obstacles.Of particular interest is the weighted region problem
(WRP) intro duced in [29]; it is a natural generalization of the shortest path problem in polygonal domains.
A planar triangulated subdivision is given consisting of n faces, where each face has a positive non-zero
weight. Using an algorithm basedon the \continuous Dijkstra's method" Mitc hell and Papadimitriou [29]
provide an approximation algorithm to compute a (weighted) " -short path; it runs in O(n8 log(nN W=w� ))
time using O(n4) space,where N is the largest integer coordinate of any vertex of the triangulation and W
(w) is the maximum (minimum) weight of any faceof the triangulation.

Lanthier et al. [25] havedescribedseveral algorithms for the WRP problem; the cost of the approximation
is no more than the shortest path cost plus an (additiv e) factor of W jLongestEdgej, where LongestEdge
is the longest edge and W is the largest weight among all faces. As their experimental analysis shows,
these algorithms are also of practical value. Aleksandrov et al. provide � -approximation algorithms in
O( n

" 2 logn log 1
" ) time in [6] and in O( n

" log 1
" ( 1p

" + logn)) time see[7]. Sun and Reif [37], useAleksandrov

et al.'s discretization scheme [7] in the design of an algorithm whose run time is O( n
" log n

" log 1
" ). Most

recently Aleksandrov et al. developed an O( np
" log n

" log 1
" ) time algorithm for this problem [8]. While the
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earlier work [29] usesO(n4) spacethe latter work improves further on the storage requirement over that
presented in [25, 7, 37]. More precisely, the number of Steinerpoints and the time complexity is reducedbyp

" over [7, 37]. Assumee.g., that " is 1=100 then the number of Steinerpoints is reducedby a factor of 1=10
which is signi�cant when consideringgeographicaldata where n may represent several million points. ( The
� -approximation schemehas beenimplemented and experimentally veri�ed at the Max-Planck Institute for
Computer Science,Germany [40].) Lanthier et al. [24] alsopresent approximation algorithms for anisotropic
shortest path problems where vehicle characteristics are taken into consideration.

Given a set of pairwise disjoint polyhedra in < 3 and two points s and t, the problem of computing a
shortest path betweens and t that avoids the interiors of the polyhedra is NP-Hard [11]. The shortest path
problem amidst (disjoint) convex polyhedra can be solved in time exponential in the number of polyhedral
objects aswasshown by Sharir [36]. For two polyhedral obstacleswith a total of n vertices,Baltsan and Sharir
[9] presented an O(n3 logn) time shortest path algorithm. The NP-hardnessand the large time complexities
of 3-d shortest paths algorithms even for specialproblem instanceshavemotivated the search for approximate
solutions to shortest path problems. Recently , there have beenseveral results on approximation algorithms
for computing Euclidean shortest paths on (convex) polyhedral surfaces.Hershbergerand Suri [17] presented
a simple linear time algorithm that computesa 2-approximation to the shortest path. Har-Peled et al. [14]
extended this result to provide an algorithm to compute an "-approximation of the shortest path; it runs
in O(n minf 1="1:5; logng + 1="4:5 log(1=")) time. Agarwal et al. [3] provided an improved algorithm that
runs in O(n log 1

" + 1
" 3 ) time. Har-Peled [15] provided an algorithm to solve a variation of this problem

which computes,in O( log n
" 1: 5 + 1

" 3 ) time, an "-approximation for a path betweentwo points on the surfaceof a
convex polytope, after a linear time preprocessing.All of thesealgorithms heavily exploit the properties of
convex polyhedra. Varadarajan and Agarwal [4] provided an algorithm that computesa path on a, possibly
non-convex, polyhedron that is at most 7(1 + ") times the shortest path length; it runs in O(n5=3 log5=3 n)
time. They alsopresented a slightly faster algorithm that returns a path which is at most 15(1+ ") times the
shortest path length. Recently , Aleksandrov et al. [7] provided an algorithm for the shortest path problem
in a subdivision of < 3 consisting of n convex regionswhere each face, f i is associated with a weight, wi > 0.
They provided the �rst polynomial time approximation scheme; it runs in O( n

" 3 log 1
" ( 1p

" + logn)) time.
Moreover, the algorithms of [25] apply for Euclidean shortest path problems on polyhedral surfacesas well.
We note that the Chen and Han's algorithm [12] can compute an exact Euclidean shortest path between
two points on a polyhedral surfacein O(n2) time and very recently Kapoor [23] hasproposedan O(n log2 n)
time algorithm.

The parallel algorithm proposedhere attempts to maintain the simplicit y of our sequential algorithms
while providing a decreasein the running time as well as allowing larger terrains to be processed. The
problem is again reduced to solving the shortest path betweenvertices of a graph. Although there already
exist algorithms for computing shortest paths in graphs in parallel, these algorithms often assumea large
number of processors(e.g., O(n) [35]) and sometimesassumeconstraints on the data such as being evenly
distributed [1, 10, 38] and/or being sparse[1]. More recent work has aimed at providing implementations
of distributed algorithms that obtain \reasonable" performanceand in analyzing the factors that a�ect the
performance[1, 10, 38].

We illustrate how our algorithm's performancevarieswith someof thesefactors aswell. We usea general
spatial indexing storage structure, called Multidimensional Fixed Partition (MFP) described in [32]). The
structure implicitly achievesa form of load balancing as well as allows the processoridle time to be reduced
in caseswhere the terrain has denseclusters of data. In addition, the structure can also be used for other
typesof propagation applications besidesshortest path such asvisibilit y, weighted Voronoi diagramsetc. (A
Voronoi diagram of a point set S is a partitioning of the plane in which each point in S is associated with
the region of points to which it is the nearestneighbor among all points in S.)

2.2 Performance Factors of Parallel Algorithms:

The runtime performanceof a parallel algorithm dependson a variety of factors determinedby the algorithm,
data, machine and implementation. We will discusssomeof thesefactors aswell as the relevant literature in
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this section. The number of factors and their interaction make it di�cult to perform a thorough comparison
and isolate the impact of each factor on the overall performance. Much of the existing research has been
gearedtowards analyzing the e�ects of one or two factors in isolation. To achieve this, various assumptions
are often made on the other factors. For example,one study may examine the e�ects of algorithmic factors
while making assumptionson data and machine related factors such as assuminge�cien t load balancing on
a speci�c machine architecture. Another study may assumea large number of processors(i.e., O(n)) and a
very speci�c architecture to focus exclusively on di�eren t partitioning strategies. As a result, it is di�cult
to compareresults of one study to those from another.

Before discussing the performance factors, we should indicate that our algorithm uses the Multiple
Instruction Multiple Data (MIMD) model with distributed memory. Our processorsalso useasynchronous
communication, in that they each compute at their own rate on a di�eren t portion of the terrain data.

2.2.1 Algorithmic Factors:

� Shortest path paradigm : Much of the published results on parallel distributed shortest paths are
aimed at the one-to-all (also few-to-all) shortest path problem (see[1, 10, 20, 21, 35, 38]). A study by
Gallo and Pallottino [13] hasshown that the most e�cien t label-correcting1 algorithms are faster than
the most e�cien t label-setting2 methods in the serial casefor the one-to-all problem when small, sparse
graphsare used. Note that graphswith an averagenode degreeof six or lessare typically consideredto
be sparse.Bertsekaset al. [10] have suggestedthat the one-to-all label-correcting algorithms for sparse
graphs also provides an advantage in the parallel sharedmemory setting. They do state however that
when only a few destinations are used (i.e., one-to-one), then the label-setting algorithms are better
suited (seealso [16, 34]).

In contrast, Hribar et al. [18] have shown that the label-correcting algorithms have inconsistent per-
formance for their networks. They state that there is no one shortest path algorithm that is best for
all shortest path problems, nor for problems with similar data set sizes. They conclude that gener-
alizations cannot be made about the best algorithm for all networks. They do however, attempt to
give an indicator where the label-setting algorithms outperform label-correcting algorithms which is
based on the expected number of iterations per node. In a later study by Hribar et al. [20], they
give experiments that demonstrate that label-setting algorithms perform best for distributed memory
parallel machines when large data sets (16k - 66k vertices) are used. They experimented with �v e
transportation networks corresponding to actual tra�c networks as well as random grid networks.

� Shortest path queue distribution : Besides the categoriesof label-correcting and label-setting,
there are variations of each that di�er in the number and size of queues,and in the order that items
are removed. Bertsekaset al. [10] experimented with singlevs. multiple queuesfor the label-correcting
algorithms in the shared memory setting. Their multiple queueversion assignsa local queueto each
processor,however, the data in the queue has no particular relationship (such as spatial) with that
processor. They show that the multiple queue strategy is better, due to the reduction in queue
contention. Their experiments also investigated synchronous vs. asynchronous algorithms and their
results show that the asynchronous algorithms always outperformed the synchronous ones. Tr•a� [38]
has compared a synchronous strategy with an asynchronous strategy using a label-setting algorithm
and he indicates that synchronous strategies will perform poorly in systemswhere there the cost of
communication is high.

Adamson and Tick [1] compared �v e algorithms that use a single queue for all processorswhich is
either sorted or unsorted. They comparepartitioned and non-partitioned algorithms. The partitioned
algorithms assignvertices to each processoraccordingto somemodulus mapping function, whereasthe
unpartitioned version assignsvertices to processorsarbitrarily . They show that the unsorted queue

1Bellman-F ord algorithm is a label-correcting algorithm. While it tak esconstant time per iteration, the number of iterations
may vary.

2Dijkstra's algorithm is a label-setting algorithm; it has �xed number of iterations.
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works best for the unpartitioned data with a small number of processorsand that the sorted queuesare
better for the partitioned data when a higher number of processorsare used. They have two varying
parametersof granularit y and eagernesswhich specify the sizeof the partitions and frequencyof queue
extraction requests,respectively. They wereable to obtain a best e�ciency of 44%with 16 processors.

� Comm unication frequency : The number and frequencyof communication stepsthat each processor
performs throughout the algorithm execution is alsoan important performanceissue. Somealgorithms
(e.g., [20]) allow each processorto empty out their local queuesas a commonstep and then all bound-
ary node information is communicated to all adjacent processors. A di�eren t strategy would be to
communicate shared information as soon as it is available (e.g., [32, 38]). The advantage of the �rst
strategy is that only a few large messagesneedto be communicated, whereasthe secondstrategy would
have many more smaller messagesbeing communicated which could causeruntime delays. The useof
few large messagesis a standard approach when the bulk-synchronous processing(Valiant [39]) model
of computation is used. However, when data is unbalancedamong processors,the �rst approach may
have someprocessorssitting idle while other are still emptying their queue. In addition, much of the
work done by a processormay necessarilybe discardedas a result of new information coming from its
adjacent processorafter its queuehas been emptied. A further disadvantage of the �rst approach is
that it requires synchronization which can lead to a performancedecreaseas shown by Tr•a� [38].

� Termination detection : One algorithmic factor in parallel shortest path computations that is often
overlooked is that of termination detection frequency. This de�nes the amount of times that the
algorithm checks for termination. With a high frequencydetection, a processorwill spend much of its
time checking whether or not the algorithm has terminated, whereasa low detection frequency may
check lessbut processorsmay do more computational work than is necessary. Hribar and Taylor [21]
analyzed the impact of the detection frequency on the performanceof a synchronous label-correcting
shortest path algorithm. Their analysis indicates that the optimal frequencyfor detecting termination
depends on the number of processorsand the size of the problem. They state that high detection
frequenciesare best when a large number of processorsare used and low frequency otherwise. To
validate their claim, they tested with 4 variations of termination detection which varied with respect
to the time interval betweencommunication stepsas well as the frequencyof synchronization.

� Cost function : The �nal algorithm-related factor that we will discussis that of the cost function.
The cost function usedin the shortest path calculation can alsoa�ect the performance. If a simple cost
function is used such as the Euclidean metric, then little time is spent on computation and a higher
percentage of time is spent on communication. When a more computationally-in tensive cost function
is used,such as anisotropic metrics, then the percentage of compute time increases,which often leads
to more e�cien t useof the processors.Most of the existing research has focussedon weighted graphs
with no discussionas to how the weights were obtained. To our knowledge, there has not been any
papers that analyzed the e�ects of the cost function.

2.2.2 Data-Related Factors:

We now turn our discussion towards data-related factors. Clearly, the amount of data is of paramount
importance sincethere is a strong correlation betweenthe sizeof the data setsand the overall performance.
Most researchers provide a comparison of di�eren t data set sizes in order to better understand how the
algorithm will scalewith large amounts of data in comparisonto small amounts of data. Adamson and Tick
[1] state that the amount of parallelism is dependent on the averagedegree(connectivity) of the graph. Most
of the research has concentrated on sparsegraphs (e.g., transportation networks) where the averagedegree
is about six. In practice, it is important to choosethe \righ t" algorithm that has a good performance for
the type of data being used.

The distribution of the data plays another key role in the performance. Di�eren t data partitioning
approacheshave beenproposed,and they di�er in the number of partitions made, the sizesof the partitions,
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the amount of shareddata betweenadjacent processorsand the topological order of partitions (i.e., if they
are recursively partitioned). Hribar et al. [19] state that determining good decompositions is crucial for
all parallel applications. For their algorithm, as applied to transportation networks, they show that the
best decomposition minimizes the number of connected components, diameter and number of partition
boundaries,but maximizes the number of boundary nodes. Hribar et al. [20] have shown for transportation
network graphs that distributing the data among the processorshas roughly half the execution time as
replicating the graph on all processors.Even with distributed data, if the amount of work (i.e., data) given
to oneprocessor,pi , is signi�cantly lessthan that of another processor,pj , then processorpi will most likely
sit idle while the processorpj will be busy processingthe data. Basically, the more time a processorspends
idle, the lesse�cien t a parallel algorithm will be.

Since the shortest path problem on terrains requires traversal betweensleevesof faces,our partitioning
strategy attempts to maintains the spatial relationship amongthe data in that connectedgroupsof facesare
distributed to each processor.Thus, a signi�cant amount of processingcan be accomplishedbeforerequiring
communication with another processor.

The relative locations of sourcesand targets is another factor of signi�cant importance. If the source
and target points, and the path between them lie on one processor,then the algorithm may not use more
than one processorand there will be no bene�ts from the parallelization. If they are far away on di�eren t
processors,then more processorsget involved in the computation and speedup should be noticeable. Of
course, when they lie in di�eren t processors,there is communication required. There has not been much
research in determining the e�ects of source/target locations. Instead, most of the previous experimental
work has concentrated on the one-to-all and all-to-all problems.

2.2.3 Mac hine-Related Factors:

One of the reasonswhy it is often di�cult to compareand contrast results from di�eren t researchers is that
the machine architecture is never quite the same. The machines di�er in the number of nodes (e.g., �ne
or coarsegrained), the type and speedof processors(e.g., Power PC, Sparc, Pentium), the interconnection
topology (e.g., ring, mesh,hypercube, network of workstations), the interconnection strategy (e.g., ethernet
(fast/slow), crossbar,dedicated links), the amount of internal and virtual memory per processor(including
levels of caches) and more importantly , the accessibility of memory to each processor(i.e., shared or dis-
tributed memory). All of these di�erences can signi�cantly a�ect the runtime performanceof any parallel
algorithm. (For a discussionof PRAM algorithms seee.g., the recent work of [28] which presents a study of
the average-casecomplexity of the parallel single-sourceshortest-path (SSSP)problem on a PRAM.

Oneof the signi�cant di�erences betweenmachinesis that of the accessibility of memory to each processor.
For example,somealgorithms are meant to be run on a sharedmemory machine (see[1, 2, 10]) in which all
processorshave accessto a common memory. This is useful if all processorsneed to accesscommon data
structures such asa priorit y queueusedin label setting algorithms. The other choice is to have a distributed
memory machine (see[38, 19, 21]) in which each processorhasits own local memory. Any processorrequiring
accessto memory or data from another processormust do so through message-passing.

2.2.4 Implemen tation-Related Factors:

The last set of factors to be examined are implementation-speci�c factors. For example, two programs
implemented by di�eren t peopleare likely to have variations in styles and e�ciency , even at the geometric
primitiv e level such as calculating the slope of a line or intersecting two line segments. There are issues
such as numerical stabilit y and correctnessthat can be related to performanceas well. In addition to the
programmers' implementation discrepancies,there are e�cien t and ine�cien t implementations of libraries
from vendors. For messagepassingstrategies alone, there are choicesas to which libraries to use such as
Trollius, MPI, MPICH and PVM. In addition, there are di�eren t vendors that produce versionswith their
own characteristics which can lead to versionswhich are slower than others. Hence,the useof software from
one vendor to another can lead to signi�cant 
uctuations in runtime performance. Moreover, the cost of
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communication versuscost of computation can be a�ected by the choice of libraries. We have chosenMPI
for our implementation.

3 The Parallel Algorithm

Our parallel shortest path algorithm is designedfor a distributed memory MIMD architecture. In order to
maximize the utilization of the processorsthe algorithm distributes its data amongthe processorsand allows
each processorto processthe data asynchronously. We discussthe data partitioning and data assignments
(data mapping) in Section 3.1.

The asynchronous operation entails that each processorprocessesthe data independently from other
processorsas fast as possible. Messagesare exchangedbetweenprocessorsas neededin order to ensurethat
data processingcan continue. During propagation, the active border for a given processorwill often reach
its partition boundary. (The active border is the set of points currently being worked on). At this time, the
cost of somenode vi that is sharedwith its neighbor partition is updated. This adjacent processorobtains
the updated cost for vi and continues processingwithin its partition. Eventually , each processorwill have
exhausted its priorit y queue and the algorithm halts. At this point, a target query can be presented and
the resulting path can be computed. In fact, the implementation provides a mechanism for detecting when
the target(s) has been reached and it allows the simulation to halt in that case. The simulation itself can
be broken down into three steps: preprocessing,executing a shortest path algorithm (Dijkstra's algorithm),
tracing back the path. Each of thesesteps is explained in more detail in the subsectionsto follow.

Our algorithm implementation is basedon Dijkstra's shortest path algorithm. In the sequential version,
when the processorexhausts its local queue or it processedthe target, the processorcan conclude that
processingis complete. In the parallel version, when processorpi processedthe target it cannot conclude
termination becausethere may still be another processorthat is currently working on another (possibly
shorter) path.

Therefore, in this case,global cooperation is required to determine whether the algorithm hasterminated.
Since our algorithm is asynchronous it cannot update and accessglobal data. To overcomethis di�cult y,
the algorithm stores all required global data implicitly in each processorand usesglobal tokens to update
global data as needed.This prevents hot-spot contention during accessof data.

Our parallel algorithms for weighted terrains are basedon the ideasproposedby Lanthier et. al in [25].
Their approach to solving the weighted shortest path problem is to discretize the input polyhedron in a
natural way, by placing new points, called Steiner points, along the edgesof the polyhedron. They construct
a graph G containing the Steiner points asverticesand edgesas the interconnectionsbetweenSteiner points
that correspond to segments which lie completely in the triangular facesof the polyhedron. The geometric
shortest path problem on polyhedra is thus stated asa graph problem sothat the existing e�cien t algorithms
and their implementations for shortest paths in graphs can be used. They also analyze the approximation
quality of their algorithm theoretically and experimentally . Their algorithms produce nearly optimal paths.

The algorithm is described for the special casein which there is a single sourceand a single target. The
following variations are also possiblewith the algorithm as well:

� Single Source/ Multiple Targets: (ONE-TO-ALL or ONE-TO-ANY)

� Multiple Sources/ Single Target: (ALL-TO-ONE or ANY-TO-ONE)

� Multiple Sources/ Multiple Targets: (ANY-TO-ANY or ANY-TO-ALL)

Thesevariations require only a simple modi�cation of the algorithm to store arrays of sourcesor targets to
be used.

3.1 Prepro cessing Phase:

We describe here our partitioning phaseof the algorithm which usesthe Multidimensional Fixed Partition
(MFP) schemeof [22, 32, 33]. The MFP schemedivides the data spatially, takescare of clustering problems
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and provides a natural mapping to processors.It is a domain driven partition (in contrast to data driven)
and can be seen as a generalization of other known domain partition structures such as quadtree and
octree. The MFP di�ers from those in the shape of the partitioning grid in that it generatesdecompositions
according to the number of available processorsas opposedto a �xed dimensional grid. The tree represents
a decomposition of the data into levels, where lower levels represent a recursive (re�ned) partitioning of the
level above it. We �rst describe the single-level partitioning for the MFP and then discussthe multi-lev el
partitioning.

During preprocessing,the terrain P with n triangular facesis partitioned amongp = R � C processors(R
denote the row and C denote the column, seenfor easeof description as having a grid-lik e interconnection
topology). We say that processorpr c is in row r , column c of the mesh(where p00 is the bottom left). Each
level of decomposition in the MFP tree consistsof p sub-partitions. The top level represents all of P and
is denoted as level 0. Each further level of partitioning is created by dividing a partition from the previous
level into an R � C grid of cells whoseboundariesare de�ned by horizontal and vertical cut lines.

More formally, let the smallestenclosingbounding box of P be de�ned by (xmin ; ymin ) and (xmax ; ymax ).
Divide P into an R � C grid such that each grid cell de�nes an equal areaof the terrain de�ned by ((xmax �
xmin )=C) � ((ymax � ymin )=R). For example, Figure 1 shows how two terrains are divided into 3 x 3 grids
when 9 processorsare used. Each faceof P is assignedto each processorwhosecorresponding grid cell it is
contained in or intersectswith. Using this technique, facesof P that intersect the boundary of two adjacent

Figure 1: Dividing non-clusteredand clustered terrains into equal-area3 x 3 grid.

grid cells are sharedbetweenthe two partitions. We call the sharedfacesborder faces or border triangles.
This single-level partitioning of the MFP scheme (as well as most other partitioning techniques) are

susceptible to large processoridle times when used with a parallel shortest path algorithm. Consider the
example of Figure 2 in which a wavefront propagatesacrossnine processorsbeginning at processor6. A
processordoes work only when a portion of the active border lies within its region of P. While the active
border expands within processor6, all other processorssit idle. Eventually , the active border will reach
processors3, 4 and 7. Still, many processorssit idle. It is easily seenthat processor2 remains idle until the
propagation is near completion; thus it is barely used and is therefore wasted. Moreover, once the active
border has left the region assignedto processor6, it also becomesidle while the other processorstake over.

One way of avoiding this idling problem is to assignto each processor,more than one connectedportion
of the terrain. That is, we can over-partition P which involvesa recursive decomposition of the partitions.
The result is that each processorwill have scatteredportions of P. It is therefore more likely that the active
border will be processedby many processorsthroughout its growth. Figure 3 shows how the MFP tree
re-partitions each partition one level further to two levels. Observe that in the example, the active border
expandsquickly to allow four processorsto participate in the calculations. Soon afterwards, all processors
get involved and are continually usedthroughout the propagation.
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Figure 2: Expansion of the active border showing that processorsmay sit idle during a shortest path
computation.

To producemultiple levelsof partitioning, it is necessaryto choosea threshold for the maximum number of
vertices that a single partition can hold beforebeing re-partitioned. If the number of vertices in a partition
(called the tile size) exceedsthe threshold, it is re-partitioned further. Deciding on the \b est" threshold
depends on factors such as terrain size, number of processorsand the degreeof clusterization. If we make
the grid too �ne, then the regions assignedto each processorare too small to work with and most of the
processortime is spent carrying out interprocessorcommunication. At the other extreme, if we make the grid
too coarse,a processormay be assigneda large amount of data thus, forcing the processorto spend too much
time processingthe data beforeit can forward someof the work to other processors.This reducesparallelism
and ultimately results in a running time equivalent to that of a sequential algorithm. There is a speci�c
number of decomposition levels that permits a nice tradeo� between processorwork and communication.
For typical terrain data, we expect that no more than four levels of recursion are required and that two to
three levels are adequatefor achieving good results for a variety of applications (for a detailed discussionof
the MFP and applications see[32, 33]).

An additional factor is data clustering, that is, if we partition the entire terrain equally, someparts of
data may be sparse,while other parts may be quite dense. This can result in a de�ciency in parallelism
throughout shortest path propagation since the algorithm would slow down at denseclusters. The MFP
scheme helps to avoid clustering problems by re-partitioning those larger partitions that are dense. This
results in partitions of di�eren t sizesthat cover di�eren t amounts of spatial area. In order to determine
when to re-partition, a threshold is chosenas the maximum number of vertices allowed per partition. If a
partition exceedsthis threshold, it is re-partitioned and a new level is formed in the tree. Figure 4 shows a
3-level partitioning using MFP for nine processors.Notice the re�ned partitioning in the denseareas. When
partitioning with multiple levels, each processormust know which other processorsit sharesa partition
boundary with in order to allow propagation over sharedboundaries.

The method by which a processordetermines which other processorsit needsto communicate with is
known as a mapping scheme. Two important issuesthat must be consideredare (1) minimizing processor
hops and (2) avoiding bottlenecks. The �rst of these issuesis important in a parallel machine in which
processorsare connected to each other by localized communication links, such as a mesh or torus (i.e., a
mesh interconnection scheme with wraparound connections) topology. Thus the mapping scheme should
allow messagesto be sent to processorsthat are nearby (perhaps in the next row or column of the grid, as
opposedto two or three rows/columns away). This will also help in reducing the congestionin the network
as there will be lessmessages\in transit" at any time. For machines in which a single shared\bus" is used

9
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Figure 3: Over-partitioning allows all processorsto get involved quickly in the computations and remain
involved longer, thus reducing idle time.

between all processors,this is not an issuesince there are no intermediate processors.The secondissueis
always relevant. If the mapping schemeis poor, then it may be the casethat certain processorsare \fa vored"
over others asbeing a receptaclefor messageswhich can lead to bottlenecks. A good mapping schemeshould
treat all processorsequally in terms of how much communication and work they are to perform.

The MFP scheme handles both of these issues. The mapping is done with respect to the levels of the
tree (i.e., levels of recursive partitioning). We say that unpartitioned data is at level 0, while a single
partitioning is at level 1, and so on. Consider re-partitioning the data in processorpr c to create one more
level. The data must be re-partitioned again by splitting it up into R rows and C columns which are
smaller partitions (called cells). The data for each of thesenewly created cells must now be re-assignedto
the p = R � C processors. Let cell ij be the cell at row i , column j of the grid of cells where cell00 is at
the bottom left. The MFP mapping schemeis as follows. If a re-partition of the cells will represent an
even level number in the MFP tree, a backward mapping is used, otherwise a forward mapping is used. A
forward mapping assignscell ij to processorp(( r + i )modR )(( c+ j )modC ) and a backward mapping assignscell ij to
processorp(( R + r � i )modR )(( C + c� j )modC ) (for details see[32, 33]). Figure 5 shows an exampleof how the MFP
schememapsa partition recursively for a 3x3 meshof processors.The exampleshows three levelsof recursive
partitioning, assuminga uniform distribution of data. The actual partition schemewould only re-partition
those partitions which are dense. Notice that the mapping scheme tends to promote groupings of similar
processorassignments which reducesthe amount of overall communication during shortestpath computation.
Another bene�t of the MFP mapping schemeis that it doesnot \fa vor" any particular processorwith respect
to communication time.

3.2 Running the Simulation:

In this section we describe the execution of the algorithm which assumesthat the data has already been
partitioned.

3.2.1 Algorithm Outline

Each processorbeginswith an initialization step in which the processorloadsits partition data from disk into
memory and initializes the cost to each vertex and initializes its own priorit y queue. The sourcevertex is given
the cost of zero, while all other vertices are assigneda cost of in�nit y. Two additional LOCAL COST and
MAX COST variables are maintained locally for each processor(they are usedin the termination detection
phase). The LOCAL COST variable maintains the cost of the last node which has beenremoved from the
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Figure 4: A 3-level MFP partition for a 3x3 processorcon�guration.

queue. The MAX COST variable represents the maximum cost that the program will simulate up to. That
is, onceall nodeshave a LOCAL COST exceedingthe MAX COST, the processorwill stop processingdata.
The MAX COST has the initial value of in�nit y.

After initialization, the processorenters into a loop which does the actual shortest path propagation.
The algorithm di�ers from Dijkstra's algorithm in that it must inform adjacent processorsof vertex costs
whenever the active border crossesa partition boundary. In addition, the condition for deciding when to
stop the processingis slightly more complicated and involves passingaround tokens to all processors.The
pseudo-code for the algorithm is shown in Figure 6. Note that Q is the priorit y queueand TARGET is the
target vertex.

It is easily seen that the bottom portion (i.e., last lines 23-36) is quite similar to that of Dijkstra's
algorithm. There is added code for sendingupdated coststo adjacent processorswhen a vertex is processed
on a partition boundary (i.e., shared between two processors). If a processorreceives a cost for a vertex
from an adjacent processor,it must check to seeif this cost is better than its own locally stored cost for that
vertex. If so, this vertex is updated to have this new smaller cost and this changemay causea re-ordering
of the queue. Processingthen continues as before by removing the vertex with minimum cost (which may
now be this newly updated vertex).

Recall that the verticesin the graph are Steiner points placedon the edgesof polyhedron P, and the edges
are the segments joining pairs of Steiner points in a face. In order to reducethe graph storageoverhead,the
edgeswhich are internal to the terrain facesare not explicitly stored. However, the terrain edgesthemselves
(called arcs) are stored. The coordinates of Steiner points along each arc are not stored, but their costs
are kept in an array associated with the arc. For each arc that crossesa partition boundary, it is stored in
both partitions. Whenever the cost changesfor any of the endpoints or Steiner points along this arc, the
whole arc (along with the Steiner point costs) is sent to the adjacent processor.The adjacent processorthen
decideswhich costsneedto be updated.

3.2.2 Termination detection

The algorithm usestokenswhich are sent to adjacent processorswhen the target is processed.A cost token
is used to keep track of the maximum cost that the processoris allowed to processto. Once a processor
extracts the target from its queue, it updates its local MAX COST to be this cost and sendsa cost token
indicating this target cost to an adjacent processor.This cost token is passedfrom processorto processorin
round-robin fashion. When a processorpi receives this token messagefrom another processor,it stores the
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Figure 5: Levels 0, 1, 2 and 3 of the MFP mapping schemefor a 3x3 meshof processors.

token's cost as its MAX COST. If there are no more nodeswith cost lessthan this new MAX COST (i.e.,
LOCAL COST exceedsMAX COST) in the queueof pi , then pi halts and waits for messages(lines 18-21).

In addition to the cost token, an additional done token is passedaround to determine which processors
have completed their computations. The done token originates from the processorthat �rst reaches the
target node. Upon receiving this token, if a processorhas more work to do, it keepsthe token. Once this
processorhas no more work to do, a new round of sendingthe done token messagestarts. If the done token
was circulated twice through all the processors(and it was not restarted) then the algorithm concludesthat
the search for the shortest path is complete.
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1 MAX_COST<- INFINITY ; LOCAL_COST<- 0;
2 WHILE(TRUE)DO{
3 IF (there is an incoming message) THEN{
4 IF (message is a cost token with cost C) THEN{
5 MAX_COST<- C;
6 IF (this vertex was not the originator of the token) THEN
7 Send cost token to an adjacent vertex; }
8 IF (message is a done token) THEN{
9 IF (this processor was the originator of the token and
10 the token has gone around twice) THEN{
11 Send a TERMINATEmessage to an adjacent processor;
12 Quit: ``no more work to do''; }
13 ELSE Store the done token; }
14 IF (message is an updated cost C for a vertex V and C < cost(V)) THEN
15 cost(V) <- C;
16 IF (message is TERMINATE)THEN
17 Quit: ``all processors have finished''; }
18 IF ((Q is empty) or (LOCAL_COST> MAX_COST))THEN{
19 IF (this processor has the done token) THEN
20 Send done token to an adjacent processor;
21 Wait for an incoming message; }
22 ELSE{
23 Vmin <- vertex with minimumcost;
24 RemoveVmin from Q;
25 LOCAL_COST<- cost(Vmin);
26 IF (LOCAL_COST< MAX_COST)THEN{
27 IF (Vmin = TARGET)THEN{
28 MAX_COST<- cost(Vmin);
29 Send cost token to adjacent processor with cost(Vmin); }
30 ELSE{
31 FOR(each edge E incident to Vmin) DO{
32 V <- vertex at other end of E than Vmin;
33 IF (cost(V) > (cost(Vmin) + cost(E))) THEN{
34 cost(V) <- cost(Vmin) + cost(E);
35 IF (V is a shared vertex with processor p) THEN
36 Send cost(V) to p; }}}}}}

Figure 6: Pseudo-code for algorithm on each processor.

A counter is maintained within the token indicating the number of processorsthat had no work to do
when the token arrived. Once this token has gone around twice with a count equal to that of the number
of processors,a TERMINA TE messageis then sent to all processorsto halt the processingand begin a
traceback (construction) of the path.

Note that unlike Dijkstra's algorithm, if the queuebecomesempty at any time, the algorithm doesnot
stop. Also note that some minor details have been left out from the pseudo-code. For example, when a
vertex is updated, the vertex must also store which vertex led to that one. That is, each vertex must keep
a pointer to the parent vertex in shortest path tree. The union of all thesepointers implicitly represents a
shortest path tree.
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3.2.3 Trace back

Once processinghas completed, the cost to the target is known and all that remains is to trace the path
back from the target to the source. All processorsreceive a traceback message.The processoron which the
target lies beginsthe traceback by piecing together the graph edgesbackwards from the target. The path is
repeatedly traced back within the processorthat contains the target by accessingthe vertex before it in an
implicit shortest path tree. The traceback continues until either the sourceis reached, or until a partition
border is reached. In the later case,the processormust packageup all path information obtained so far and
passit to the adjacent processorwhich must \tak e over" the traceback. Eventually , the path will be traced
back to the sourceand this path is reported.

4 Exp erimen tal Results

In this section, we describe the experiments that we conducted in order to show the practicalit y of our
algorithms. For a more in-depth look at our experimental results, see[26]. The objectivesof the experiments
wereto investigatethe performancecharacteristics of the algorithm by observingthe e�ects when parameters
are varied. The tests wererun on real terrain data (see[24, 25]). The focus in this paper is on timing results,
sincepath accuracyand relevancein the sequential setting have already beenestablishedin [24, 25].

As discussedin section2.2, there are many factors that can a�ect the performanceof a parallel algorithm.
In addition to thesefactors, there are somewhich are inherent for our particular algorithm (e.g., the number
of Steiner points used and the weighted cost function). To provide a complete report on the e�ects of all
of these parameters would require testing all combinations of parameters for many iterations. However, if
not enoughvariations of data and parametersare used,it is not possibleto make an adequateassessment of
their e�ects on the algorithm's performance. We have chosena compromisein that we usean accumulativ e
experimentation approach. That is, we test one set of data for a speci�ed parameter set, then modify the
parameters in stagesto show the e�ects at each stage.

In terms of algorithmic performancefactors, our algorithm usesa distributed queuelabel-setting strategy
with round-robin token passing for termination detection. Our research presented here does not compare
di�eren t labelling algorithms, queueingstrategies,termination detection techniquesnor variations of the cost
function. Instead, our experiments focusedon the data-related factors pertaining to partitioning, terrain
size and the relative location of source/target pairs. Although we did not addressany particular machine-
related issues,we do show the performanceresults of our algorithm running on three machines of di�eren t
architectures. Lastly, there is only one detail that we addresspertaining to implementation-related factors:
the e�ect that communication speedhas on the performanceas di�eren t message-passingsoftware is used.

The remainder of this section is organizedas follows. We start by describing in Section4.1 the test envi-
ronment, and in Section 4.2 the experimental test data and procedures. We then describe our performance
results in Sections4.3 and 4.4 in terms of speedup and e�ciency . We conclude with a discussionon the
impact of communication and the impact of number of sourceson the overall performance in Sections4.5
and 4.6, respectively.

4.1 Test Environmen t

We conducted the tests on a variety of platforms so as to examine the sensitivity level of our algorithms
and data structures to di�eren t parallel models. Although our implementation is primarily designedfor
MIMD architecture using the MessagePassingInterface (MPI) standard, we also executedour algorithms
on a sharedmemory architecture. The experiments were performed on a variety of platforms including

� Net work of W orkstations - consistsof sixteen 166Mhz Pentium computers that connectedvia a
dedicated100megabit crossbarswitch. Each processorhas96MB of internal memory except processor
0 which has 128MB. This machine is referred to as ASP in the text.
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� A Beowulf Cluster - consistsof 64 1.8 Ghz Pentium P4 Xeon computers (arranged as Dual P4s for
each of 32 nodes) and connectedvia a dedicated Cisco 6509switch. Each node has 512 MB RAM and
a Gigabit copper ethernet connection.

� Symmetric MultiPro cessing Arc hitecture (SMP) - The SMP architecture is a SunFire 6800
server. It consistsof 20 Sun UltraSPARC II I 750MHz processorswith 20 GB of RAM. The RAM is
shard by all processors.

4.2 Test Data and Pro cedures:

We ran our tests on various terrains that di�ered in sizeand height variation. The terrains are represented
as triangulated irregular networks (TIN). Since many partitioning schemesare susceptibleto performance
di�erences when clusterization occurs in the data, we alsoattempted to test terrains with di�eren t clustering
characteristics. Table 1 shows the speci�cations of the terrains that were tested. The terrains were all

NAME #VER TICES #F ACES
Africa 5,000 9,799
Sanbern 8,000 15,710
Madagascar15k 15,000 29,582
America40k 40,000 79,658
Madagascar50k 50,000 99,268
BigTin 1,000,000 1,495,000

Table 1: Terrains usedfor testing the performanceof the algorithm.

constructed from cropped portions of actual Digital Elevation Model data. Once cropped, the obtained
grided terrain wasthen simpli�ed through the removal of vertices. The verticeschosento be eliminated were
those such that when removed, the volume di�erence of the terrain was minimal. Figure 7 shows top-down
view snapshotsof the terrains tested. Notice the left-sided clusterization of the America40k terrain.

In order to obtain proper speedupcomparisons,the tests were run many times for a variety of processor
con�gurations. The con�gurations were obtained by varying the number of rows and columns of processors.
The con�gurations usedwere1x1, 2x1, 2x2, 3x2, 3x3, 4x3, 4x4. Note that asmentioned earlier, our algorithm
requires mid-range granularit y of the data. That is, if we partition the data too �ne, the processorsend up
doing too much communication with neighbors. Thus, in order to make e�cien t use of a larger number of
processorsthan 4x4, we would needlarger data sets than the onestested here.

All tests use the �xed placement schemeof [25], i.e. by placing an equal number of Steiner points per
edge, and then interconnecting all of them within a face. It has been shown previously that the interval
placement schemeand sleeve-based placement schemehad near identical timing in the sequential setting.
Therefore, it was unnecessaryto test all placement scheme variations of [25] since they di�ered mainly in
path accuracy and not in runtime. Varying the number of Steiner points does not have a signi�cant e�ect
on the e�ciency of our parallel algorithm. With every linear increase(i.e., m) in the number of Steiner
points per edge, there is a quadratic increase(i.e., m2) in the number of arcs of its incident faces. With
larger terrains, the useof more Steiner points should result in a higher percent of computation time, thereby
attaining better speedup. (The interested reader is referred to [32] for details.) Since we have observed in
[25] that typically 6 Steiner points were su�cien t to achieve good accuracy, we continued the remainder of
our tests with this samenumber of Steiner points.

Our tests include both one-to-oneand one-to-all variations. For the one-to-onetests, we compute a set
of 50 random vertex pairs, each pair is called a session. For each session,we generateoverall statistics that
include path cost and overall run time. Most of our graphs show averageinformation which is obtained by
summing all the results per sessionand dividing by the number of sessions.We also show minimum and
maximum results where they present somemore insight.
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Africa Sanbern

Madagascar15k America 40k

Madagascar50k

Figure 7: Top-down view snapshotsof the terrains tested. The BigTin data set is not shown due to density
of the data. However, it is shaped like a sausagespanningfrom the top left corner to the bottom right corner
of its enclosingrectangle.
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The overall run time is the time (in seconds)elapsedfrom when the session�rst starts until the �nal
path is returned. The timing results presented here include the time required to compute the path itself,
not just to produce the cost 1. In addition to these, we also generatedtiming information per processor
that included

� Initialization time

� Sessioninitialization time

� Total run time

� Compute time

� Idle time

� Communication time

The compute time represents the amount of time that the processorspends doing computations with
respect to its own queue(including the time for generatingthe �nal path). The idle time is the total amount
of time that the processorremains idle while it is not performing any computation or communication.
The communication time is the amount of time that the processorspends on communicating with other
processors.The total run time for a processoris the sum of these three times. The communication time in
our experiments is determined by subtracting the compute and idle times from the total run time 2.

Lastly, we generate(per processor)information pertaining to causality errors. Causality errors are one
of the major issuesin parallel simulation. They occur when a lack of synchronization causesa processor
to work only with local information and thus, to incorrectly determine the courseof the simulation. This
happens when a processordoes not wait for global synch up-to-date data, but rather processesthe locally
stored data (which is outdated) and advancesits local simulation time usually aheadof the global simulation
time. Causality errors can lead to poor performance of the parallel computer. In caseswhere the output
e�ects of the executedprogram are not uniformly distributed acrossthe spatial area, someprocessorsmay
do extra work in vain. This is especially important and evident when the computation part is expensive, in
which case,preciouscomputing cyclesare wasted. The information pertaining to causality errors includes:

� Number of messagessent to adjacent processors

� Number of messagesreceived from adjacent processors

� Number of processedvertices

� Number of vertices received from adjacent processors

� Number of vertex updates

� Number of vertices inserted into the queue

� Number of vertices re-inserted into the queue

With this causality information, we are able to estimate the amount of computation overhead from having
each processormaintain its own queueas opposedto a global queueas in the sequential setting.

1The overall run time was computed using the time() function in C which rounds o� to the nearest number of seconds.
2These time were computed using the clock() function in C which rounds o� to the nearest number of milliseconds.
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4.3 Speedup and E�ciency

In this paper, we measurethe speedupass = T1
Tp

, whereTi is the time it takesto solve the problem using the
parallel algorithm on i processors,1 � i � p. This measureof speedup is usedextensively in the literature
(seee.g., [1, 10]); we also use it when evaluating our experiments. Also, the e�ciency is de�ned here as s

p
when p processorsare used.

We tested several types of shortest path queries: one-to-one(point to point), one-to-all and few-to-all.
In order to obtain a good representation of the performancewe executeda large number of random queries
for each query type. The graphs presented in this section are the averageof the query results.

Figure 8 shows the speedup and e�ciency of executing one-to-onequeries on three di�eren t data sets
on the Beowulf. For the America40k we obtained a speed up of 2, 2.8 and 3.6 for the 2x2, 3x3 and 4x4
con�gurations, respectively. Similar speedupswere also observed for the Madagarscar50kdata set.

When we examined the e�ciency levels we observed an interesting phenomena. For the America40k
we obtained an e�ciency rate of roughly 50%, 32%, and 23% for the 2x2, 3x3 and the 4x4 con�gurations,
respectively. For the Madgascar50kwe obtained an e�ciency rate of 58%, 34%, and 25% for the 2x2, 3x3
and the 4x4 con�gurations, respectively. This trends shows that for thesedata sets,the expectedspeedupis
roughly

p
p wherep is the number of processors.Similar behavior wasobserved when the query wasexecuted

on other types of hardware within a constant factor. Figure 9 shows the execution results on the SunFire.
As can be seenin section4.5, similar results wereobtained on the ASP computer with a fast communication
implementation (seeFigure 12). Notice that the SunFire (i.e., sharedmemory machine) results show better
speedup than the Beowulf. This is becausethe communication speed is faster on the SunFire, as data is
transferred between processorsthrough shared memory, as opposedto being passedover a network switch
(as on the Beowulf ). Although, the SunFire is able to processthe queriesfaster, we can seea similar trend
to within a constant factor. The reasonfor this behavior is the number of processorsthat are simultaneously
active. The processorsthat are active are those on the active border of the simulation. Data sets such as
the America40k and the Madagascar50kare not big enough to take advantage of the MFP partition and
mapping. The MFP mapping assignsdi�eren t parts of the data sets to di�eren t processorsand thus it
overloadsthe processors.

Overloadingthe processorswith data to beprocessedreducesthe amount of time that a processorwaits for
work. The MFP partitioning and mapping provides a natural way of distributing the data to the processors
such that each processorcan work on di�eren t parts of the data simultaneously. To show the impact of
partitioning on the overall performancewe conducted a seriesof tests with di�eren t partitioning sizesand
thus with di�eren t levels of overloading. In Figure 12 we observe the impact of processoroverloading. By
examining the columns of the fast communication we can seethat as the tile size threshold is reduced, the
speed-upincreases.This is evident even with small data sets (America40k and Madgascar50k).

When larger data sets are used, such as the BigTin, the overloading has a greater impact and we can
seea signi�cant improvement in the performance. In Figure 8 the 2x2 con�guration has achieved a speedup
of almost 4 (99% e�ciency) and the 3x3 and 4x4 con�guration roughly achieved a speedup of 4.5 (52%
e�ciency) and 6 (38% e�ciency) respectively. In the caseof the 4x4, the speedupof the MFP is not fully
exploited becauseof the shape of the data. The sausage-like shape doesnot allow the 16 processorsto take
full advantage of the MFP structure.

4.4 Measuring the Amoun t of Over-Pro cessing and Re-pro cessing:

One measureof e�ciency of a parallel shortest path algorithm is the number of vertices that are processed.
Hribar et al. [20] usea similar strategy in that they measurethe total number of updates. Sincefaces(and
hencegraph vertices) are shared between adjacent partitions, the cost to these vertices may change many
times if a shortest path crossesthe boundary frequently . More importantly , the cost updates along border
vertices may causea rippling of cost updates throughout the partition, thereby causing a re-computation
of previously computed costs to many non-border vertices of the partition as well. As a result, the cost
to any particular vertex may be re-computed often. In a sequential label-setting algorithm, once a vertex
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Figure 8: Graph showing speedupand e�ciency of the one-to-onequery using di�eren t processorcon�gura-
tions. The querieswere run on the Beowulf computer. The processorscon�guration is shown on the x-axis
and the obtained speedup on the y-axis. The e�ciency is shown as a percentage above the corresponding
data set.
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is removed from the priorit y queue, it never gets updated again. The parallel distributed algorithm is less
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e�cien t in terms of the number of vertices processed. We call this amount of additional computation as
over-processing. We also de�ne the re-processingcount of a vertex to be the number of times that vertex
had beenprocessed(i.e., removed from the priorit y queue).

When propagating over a boundary, another processor\tak es over" a portion of the active border and
processesin parallel to other portions of the active border on other processors.Therefore, the global active
border will typically grow larger than with a sequential algorithm for any particular source/target pair. This
causesvertices to be processedby the parallel shortest path algorithm that otherwise would not have been
processedby a sequential shortest path algorithm. Therefore, in order to obtain a \good" estimate as to
the amount of re-processingdone by our algorithm, we ran tests that processedthe entire terrain. By doing
this, we eliminate the need to consider processedvertices that would not have even been processedby the
sequential algorithm.

We analyzed the results of our one-to-all tests with six Steiner points per edgeusing the weighted cost
function. We compute the amount of over-processingas follows:

�
jVp j � jV1j

jV1j
� 100

�
%

wherejVp j is the number of processedverticeswhen p processorsare usedand jV1j is the number of processed
vertices when one processoris used.

The graph of Figure 10 shows that the amount of over-processingincreaseswith the number of processors
but also that the partition itself plays a role as well. For example, notice that the 4x4 partition has less
over-processingthan the 3x3 partitioning for the two small terrains. Notice alsothat the America and Africa
terrains have the largest amount of over-processing.This is due to the unbalancedload acrossthe processors
becauseof the clustered nature of the data.

There is a signi�cant di�erence in the results depending on the location of the sourcepoint. The results
using a centrally located (i.e., middle) sourceare better than those using a sourcenear the terrain corner.
The reason for this large di�erence can be explained by examining the idle times. Figure 11 shows the
percent of idle time for both tests using the corner and middle sourcepoints for the Madagascar50kTIN.
Notice that the processorsare more often idle when the corner source is used than with a middle source
point becausein the former casethe wavefront reachesall processorslater.

Hence, using a single-level partitioning the processoridle time is a signi�cant factor that hinders the
parallelization e�orts of the algorithm and results in a poor performance. In somecases,many processors
sit idle for up to 50% of the time. A related phenomenonhas also beenobserved by Hribar et al. [20].

4.5 Impact of Comm unication:

Communication patterns and speedplay an important role in the overall performanceof parallel implementa-
tions. The tradeo� betweenamount of data, which is transmitted betweenprocessors,and the computation
time that can be gained should be carefully assessedwhen �ne tuning the implementation.

In this section we give an example of the impact that a relatively minor change in communication
pattern on the overall performance. In our �rst protot ype of the software, we observed that our results
were signi�cantly lower than expected. After investigation, we observed two behaviors that impacted the
communication component of the software: communication pattern and communication performance.

In our earlier communication pattern we useda �xed-size array to store all incident arcs from a vertex.
Whenever propagation reaches the boundary from a Steiner point which is shared between two partitions,
this entire array is sent in a message.This is not always necessaryhowever, sincepropagation from Steiner
points on an arc requires, in most cases,only a few number of arcs to be updated acrossthe boundary
betweenprocessors.Sendingan array of constant sizehad a major impact on the overall performanceas it
added a constant factor to the communication component of the software even though the amount of data
in the �xed-size messagewas not large. However, this constant factor in the messagesize was enough to
slow the system down becausethe underlying communication packageof MPI could not handle the volume
of data. In our modi�ed version we sent only a small number of modi�ed arcs betweenthe processors.This
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Figure 10: Graph showing over-processingfor various terrains and processorcon�gurations.

change,however, hasaddedcomplexity to the designand code sinceit required careful bookkeepingof which
Steiner point was changedand when.

The secondfactor that alsohad a signi�cant impact on the algorithm wasthe poor performanceof oneof
the functions of the underlying communication package(MPI). Weswitched from version6.1of the LAM MPI
libraries to the more e�cien t version 6.3b libraries. In version 6.1, the MPI Iprobe function is implemented
rather ine�cien tly and a call to this function causesa signi�cant delay. In the newer 6.3b version, this
function is much more e�cien t and returns much quicker. As will be seen,the di�erence in this function's
e�ciency accounts for the di�erence in computation time betweenthe slow and fast communication tests.

The graphs of Figure 12 show the di�erences in speedupbetweenour original implementation (i.e., the
slow communication) and our improved implementation (i.e., the fast communication). The di�erence in
speedupbetweenthe implementations is signi�cant for the smaller tile sizesand lesssigni�cant for the larger
tile sizes. The e�ect of increasing the communication time with the smaller tile sizesis not as noticeable
when the faster communication is used. That is, the communication overheadof having many small tile sizes
becomesinsigni�can t as communication speed increasesand this leads to better overall speedup. With the
slower communication, the larger tile sizes(and hencethe single-level partitioning) outperform the smaller
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tile sizes.Notice that the America40k terrain (which is the most clustered terrain) shows a more signi�cant
speedup than the Madagascar50kterrain as the partition size decreases(i.e., more levels of partitioning
are used). This indicates that the multi-lev el partitioning scheme has an advantage over the single-level
partitioning schemefor terrains that are more clustered. Also shown on the graphsis the maximum e�ciency
that is obtained from our tests. Notice that e�ciencies of around 25% are obtained with the 4x4 processor
con�guration and this e�ciency increasesto up to 42%and 59%for the 3x3 and 2x2 processorcon�gurations,
respectively.

Figure 13 shows the processorusagefor di�eren t processorcon�gurations and tile sizesfor the Madagas-
car50k and America40k terrains. The leftmost set of 12 bars in each graph represent the processorusage
when the slow communication is used and the rightmost is used for the fast communication. Notice that
the overall communication time is negligible when the fast communication is used. The single-level parti-
tioning is the rightmost bar in each group of four bars. As expected, the graphs show that as the tile size
decreases(i.e., more re-partitioning is used) the idle time is traded o� with communication time. Since
our objective is to reduce the idle time of processors,the multi-lev el partitioning schemehas accomplished
this. This reduction is more pronouncedwith the America40k terrain since it is much more clustered than
the Madagascar50k terrain. With slow communication, this tradeo� is not as helpful to reducethe overall
runtime. However, with the faster communication speed,the tradeo� betweenidle time and communication
provesto be advantageousand provides a signi�cant improvement in speedupfor the smaller tile sizes(when
comparedto the slow communication results).
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Figure 12: Di�erences in speedupbetweenthe slow and fast communication.

4.6 Impact Of Multiple Source Poin ts

One of the main advantagesof the multilev el partitioning schemeis that it helps to reducecausality errors.
So far, all the results that were presented useda single source. To fully seethe e�ects of causality errors, we
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Figure 13: Graphs showing processorusageas processorcon�guration and tile sizesare changedfor imple-
mentations with either slow or fast communication speed.

carried out tests for few-to-all shortest paths using multiple sources,each with a di�eren t starting weight.
This kind of computation can be useful for facilit y location problems in which each facilit y has a di�eren t
\attraction" factor and we would like to compute a weighted Voronoi diagram on the polyhedral surface.

We ran few-to-all tests on the America40k and Madagascar50kterrains. The tests used �v e source
vertices on the terrain: four placednear the four cornersof the terrain boundary respectively and one in the
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center. The sourceswere assignedweights of 1, 50, 100, 150 and 200, respectively. We used four di�eren t
partitionings which were formed using di�eren t tile sizes, as with our one-to-all tests, as well as various
processorcon�gurations of 2x2, 3x3 and 4x4. The speedupsobtained are shown in Figure 14.
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Figure 14: Speedupsfor few-to-all tests on America40k and Madagascar50kTINs.

The speedupsare better than those of the one-to-all tests. Through thesetests, the maximum e�ciency
has almost doubled for our tests with the 4x4 processorcon�guration. Increasesin e�ciency are also
noticeable in the 3x3 and 2x2 processorcon�guration tests. The maximum overall e�ciency obtained is
64% which is observed from the 2x2 tests. The increasein e�ciency results from the more active processors
that compute the data correctly and are less exposed to causality errors. As expected, the 2x2 and the
3x3 con�gurations in the caseof the Madagascar50kdata set showed a degrading performanceas the data
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was partitioned. This is becausethe multiple sourcepoints are placed in a uniform fashion on a uniformly
distributed data set. Each of the 4 processorsin the caseof 2x2 and more than half of the 9 processorsin
the caseof the 3x3 have a sourcepoint to start with. This signi�cantly reducesthe interaction betweenthe
processors.This is not the casewhen the 4x4 con�guration is used becausemore processorsare idle (only
one third of the processorshave a sourcepoint). However, when the data is not uniformly distributed such
as the America40k we can seethe bene�t of the MFP. Since the partitioning and the mapping help in the
propagation of the active border to multiple processors,this reducesthe idle time of the processors.

Examine the results from the 4x4 tests on the America 40k terrain. Notice that the e�ciency increases
as the tile sizedecreases.If however, the tile size is too small, then the e�ciency will begin to decreasedue
to the overhead of communication. Hence, the peak in e�ciency occurs with the optimal tile size which is
likely lessthan or around 500. It should be noted that even better overall speedupscan be obtained once
the optimal tile sizehas beendetermined experimentally .

Figure 15 shows the di�erence in the amount of over-processingbetween the single source tests and
multiple weighted sourcetests. Notice that the amount of over-processingis signi�cantly reduced in many
caseswhen the multiple weighted sourcesare used. This improvement is most noticeable with the smaller
tile sizesand with larger number of processors.This indicates that the MFP partitioning scheme is better
suited for weighted shortest paths with multiple sources.

5 Conclusions

In this paper we presented a discussionof the factors in
uencing the performanceof parallel shortest path
algorithms and a detailed analysis of our software for computing shortest paths in weighted terrains using
parallel computers. Our presented solution overloads each processorwith data in such a way that the
processorcan reduce its idle time and reduce inter-processcommunication. The overloading scheme,which
is basedon the multi-dimensional �xed partition (MFP), allows each processorto continue to processthe
data even though it may have to repeat someof the processing.The MFP structure is also applicable when
solving other problems.
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