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Introduction

•
Tw

o#m
atrices#A#and#B#of#sizes#n#by#n:

•!
"×" $%"×" =

$'"×"
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Determ
inistic'Algorithm

s

•
N
aïvely

(),+ =
∑

-). /.+
".01

•
Runs#in#2(4

5)
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Determ
inistic'Algorithm

s
Divide'and'Conquer

•
Divide#the#tw

o#m
atrices#into#n/2#x#n/2#sm

aller#m
atrices,#i.e.

!
=
$ -

/
(

7
,%

=
8

9
:

ℎ
•
The#Product#of#A#and#B:

'
=

<
=

>
?
=

-8+
/:

-9+
/ℎ

(8+
7:

(9+
7ℎ

•
Yet,#the#8#m

ultiplications#can#be#done#in#7#m
ultiplications
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Determ
inistic'Algorithm

s
Divide'and'Conquer
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AC =
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$ℎ
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(+

7
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AD =
:
−
8
$7

AE =
-+

7
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/−
7
$(:

−
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AG =
-−

(
$(8+

9)

<=
$AE +

AD −
AC +

AF
==

A1 +
AC

>=
A5 +

AD
?
=
AE +

A1 −
A5 −

AG
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Determ
inistic'Algorithm

s
Divide'and'Conquer

•
The#overall#com

plexity#drops#to#
O
(4
HIJG)#≈

2(4
C.M1)
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M
atrix'Product'Verification

•
Given#A,#B#&

#C,#Verify#the#follow
ing:

!%$$$$0 $$?$$$'

N
aïvely:#O

(4
5)

Divide#and#Conquer:#O
(4
C.M1)

Can#w
e#do#better?
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Probabilistic'Algorithm
s

Freivalds

•
Random

ized
•
Procedure
1.

Vector#<=
[0,1] "

(random
ly#generated)

2.
Com

pute:
1.

'<
2.

%<
3.

!%<
3.

If#!%<=
'<

1.
O
utput#“YES”

2.
O
therw

ise,#output#“N
O
”

•
Runs#in#O

(4 C)
•
Requires#n#bits#for#the#random

#vector.#[[#Sam
ple#Space#]]
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Probabilistic'Algorithm
s

Freivalds

•
E.g.

A#=# 2
2

5
3

B#=# 1
3

0
9

C#=# 2
24

5
32

<=
$ 11

%<$=
49

!%<=
2647

'<=
$ 2637

<=
$ 00

%<$=
00

!%<=
00

'<=
$ 00

<=
$ 10

%<$=
10

!%<=
25

'<=
$ 25

<=
$ 01

%<$=
39

!%<=
2442

'<=
$ 2432

YES
YES

NO
NO

M
isleading
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Probabilistic'Algorithm
s

Freivalds

•
Correctness#?!
•
If#(AB#=#C)#d>#alw

ays#correct
•
O
therw

ise,
•
If#output##“N

O
”,#it#is CO

RRECT
•
If#output#“YES”,#it#is# 1C CO

RRECT

•
N
otice,#if#the#algorithm

#runs#for#t#constant#tim
es,#then

•
If#output#“YES”,#it#is#(1−

1C Z )CO
RRECT

•
For#t=1,2,3,#...,#10,#correctness#is:#%

50,#%
75,#%

87.5,#…
#,#%

99.9
•
Com

plexity#is#O
(>$4 C)
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Probabilistic'Algorithm
s

Freivalds

•
W
hat#if#<1 ,<C $∈

0,1
"$but#they#differ#by#one#value#at#index# i?

•
E.g.#!

=
1

2
3

4
5

6
7

8
9

%
=

10
11

12
13

14
15

16
17

18

'
=

84
90

96
201

215
231

318
342

366

<1 =
110

<C =
100

!%<1 =
174
417
660

!%<C =
84
201
318

'<1 =
174
416
660

'<C =
84
201
318

YES
NO
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Probabilistic'Algorithm
s

Freivalds

•
If#the#error#in#colum

n#i,#there#exist#2
nd1vectors#that#w

ill#pass#the#test#
w
ith#r(i)#=#0

•
W
e#need#a#sm

art#w
ay#for#choosing#the#r#vector.

•
The#random

#num
ber#sam

ple#space#is#proportional#to#the#algorithm
#

correctness
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Probabilistic'Algorithm
s

G
eneralized

•
Procedure
1.

Let#X#=#{1,#…
,#r}

2.
Let#F#=#{f1 ,#f2 ,#…

,#fk }
3.

Choose#x#in#X#uniform
ly#at#random

4.
For#each#f#in#F:
1.

v##=#f(x)
2.

If#!%]$≠
']

,#then#return#”N
O
”

5.
Return#“YES”

•
In#Freivalds
•
r#=#2n#

•
f#=#binary(x)#of#size#n
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Probabilistic'Algorithm
s

G
eneralized

•
Algorithm

#Param
eters

•
F
•
r#

•
Theorem

:#”For#any#choice#of#F#and#r,#if#the#probability#of#error#is#
strictly#less#than#1,#then#_<≥

4”
•
W
here#k#is#num

ber#of#functions#in#F
•
And#r,#the#size#of#random

#num
ber#space#X
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Im
provem

ent

•
Colum

n#space#and#basis
•
Reduce#the#random

#space#and#increase#the#correctness
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Colum
n'Space'and'Basis

•
A#m

atrix#M
#of#size#axb

has#a#colum
n#space#C(M

)#=#{ a
1 ,a

C ,…
,a

c }

d
=

12−11

012−1

−105−3

001−2

49−59
,'

d
=
{a

1 ,
a
C ,

a
5 $,a

D ,
a
E }

a
1

a
C

a
5 $$$$$$$a

D
a
E
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Colum
n'Spaces'and'Basis

d
=

12−11

012−1

−105−3

001−2

49−59
$$$$$$ 8(ℎ8gh4$9h<a

↔
$$$$$$j

=
1000

0100

−1200

0010

41−30

Basis:#a
1 ,

a
C ,

a
D

Basis:#<1 ,
<C ,

<D

<5 =
2<C $−

$<1

<E =
4<1 +

<C −
3<D

Given#the#basis,#the#other#vectors#could#be#produced:
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Im
provem

ent

•
Basis#of#a#m

atrix#can#be#found#using#Echelon#Form
#(no#m

ultiplication#
involved)
•
Given#the#sam

e#problem
:#is# !%

=
'
?

1.
Random

ly#choose#x#in#X#=#{indices#of#colum
n#space#basis#of#C}

2.
Vector#v#=#binary(x)

3.
If#!%]$≠

']
output#“N

O
”

4.
O
therw

ise#output#“YES”
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Im
provem

ent

•
The#random

#space#can#get#reduced#if#m
ost#of#the#colum

ns#in#C#are#
Linearly#dependent.

•
Theorem

:#If#!%]
=
']

for#all#]
from

#X,#then#!%
=
'
.

•
W
here#X#is#the#set#of#indices#of#all#colum

n#basis#of#C
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