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Introduction

* Two matrices A and B of sizes n by n:

* Ansn Bnxn = Cuxn



Deterministic Algorithms

* Naively

— n
Ci,j = k=1 QikDk;j
* Runsin 0(n?)



Deterministic Algorithms
Divide and Conquer

 Divide the two matrices into n/2 x n/2 smaller matrices, i.e.

=1t ae=lg

* The Product of A and B:

__[ae+bg af + bh

mnﬁ, m~l—nm+n€ cf + dh

t u

* Yet, the 8 multiplications can be done in 7 multiplications



Deterministic Algorithms
Divide and Conquer

ﬁlﬁn m_l—am+@m af + bh
it ul lce+dg cf +dh

p1=(—h)a

p, =(a+b)h r= ps+ps—D2+Ds
ps =(c+d)e 1 S =p1 t+D
ps=(g—e)d t =p3+ P,

ps =(a+d)(e+h) u=ps+p —ps— Dy

ps =(b—d)(g—h)
p;=(@—c)(e+f)
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Deterministic Algorithms
Divide and Conquer

* The overall complexity drops to
O?ﬂom qv ~ QQ&N.mHv



Matrix Product Verification

* Given A, B & C, Verify the following:

Naively: O(n>)

Divide and Conquer: O(n?381)

Can we do better?



Probabilistic Algorithms

Freivalds

e Randomized

* Procedure
1. Vectorr = [0,1]" (randomly generated)
2. Compute:
1. Cr
2. Br
3. ABr
3. IfABr =Cr
1. Output “YES”
2. Otherwise, output “NO”

* Runs in O(n?)

* Requires n bits for the random vector. [[ Sample Space ]]



Probabilistic Algorithms

Freivalds

* E.8.
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Misleading

-1

-1

Br = AHL

ABr = @

cr=[2

YES

r=1[
s = [}
o= 2
e 2
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r= [y
Br =]
o -
Cr = MW_
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Probabilistic Algorithms

Freivalds

* Correctness ?!
 If (AB = C) -> always correct

* Otherwise,
e If output “NO”, it is CORRECT

« If output “YES”, it is w

* Notice, if the algorithm runs for t constant times, then
 If output “YES”, itis (1 — =)
* Fort=1,2,3, ..., 10, correctness is: %50, %75, %87.5, ..., %99.9
« Complexity is O(t n?)



Probabilistic Algorithms

Freivalds

* What if r;,, € [0,1]" but they differ by one value at index i?

* E.8.

1 2 3 1 1

A=[4 5 6 =11 r, = |0
7 8 9 L0 0
10 11 12 174 - 84

B=113 14 15 ABr) = ABr, = [201
16 17 18 1660 318
84 90 96 174 84

C =201 215 231 Cry = Cry, = (201
318 342 366 660 318

YES



Probabilistic Algorithms

Freivalds

* |f the error in column i, there exist 2" vectors that will pass the test
with r(i) =0
* We need a smart way for choosing the r vector.

* The random number sample space is proportional to the algorithm
correctness



Probabilistic Algorithms

Generalized

* Procedure

1.

2.
3.
4

Let X =11, ..., r}
Let F={f, f,, ..., f .}
Choose x in X uniformly at random

For each fin F:

1. v =f(x)

2. IfABv # Cv,then return ”"NO”
Return “YES”

* In Freivalds
* r=2n
* f =binary(x) of size n



Probabilistic Algorithms

Generalized

e Algorithm Parameters
. F
°r

* Theorem: "For any choice of F and r, if the probability of error is
strictly less than 1, then kr = n”

 Where k is number of functions in F
* And r, the size of random number space X



Improvement

* Column space and basis
* Reduce the random space and increase the correctness



Column Space and Basis

* A matrix M of size axb has a column space C(M) = {m{, m5, ..., m, }

2 1 0 0 9
-1 2 5 1 -5
1 -1 -3 -2 9

,C(M) ={m;, m,;, mz,m,, ms}



Column Spaces and Basis

1 0O -1 0 4 1 0 -1 0 4
M = 2 1 0 0 9 echelon form R = 01 2 0 1
-1 2 5 1 =5 © O 0 0 1 -3
1 -1 -3 -2 9 O 0 0 0 O
Basis: m;, m,, my, Basis:7y, T, T,
Given the basis, the other vectors could be produced: 3=21, -7



Improvement

 Basis of a matrix can be found using Echelon Form (no multiplication
involved)

* Given the same problem:is AB =C ?
1. Randomly choose x in X = {indices of column space basis of C}
2. Vector v = binary(x)
3. IfABv # Cv output “NO”
4. Otherwise output “YES”



Improvement

* The random space can get reduced if most of the columns in C are
Linearly dependent.

* Theorem: If ABv = Cv for all v from X, then AB = C.
* Where X is the set of indices of all column basis of C
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