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Abstract

Currentdatabasesystemsutilize histogramsto approxi-
matefrequencydistributionsof attributevaluesof relations.
Theseare usedto efficientlyestimatequeryresultsizesand
accessplan costs. Eventhoughthey havebeenin usefor
nearly two decades,there has beenno significantmathe-
matical techniques(other than thoseusedin statisticsfor
traditional histogram approximations)to study them. In
this paper, we introducea new histogram-like approxima-
tion strategy, called the RectangularAttribute Cardinality
Map (R-ACM), that aimsto approximatethedensityof the
underlyingattribute valuesusing the philosophiesof nu-
mericalintegration.

In this new histogram-like approximationmethod,the
densityfunctionwithin a givensectoris approximatedby
a rectangularcell, where theheightof thecell is obtained
so as to guaranteethat the actual probability densitydif-
fers from the approximatedoneby a maximumof a user-
specifiedtolerance, � . Furthermore, unlike the two tradi-
tional histogramtypes,namelyequi-widthandequi-depth,
the R-ACM is neitherequi-widthnor equi-depth.Analyti-
cally, we showthat for the R-ACM, the distribution of an
attribute valuewithin the sectoris Binomially distributed.
Thispermitsus to deriveworst-caseand average-casere-
sultsfor theestimationerrors of theprobabilitymassitself.
Our theoretical results,which includea rigorousmaximum
likelihoodandexpected-caseanalyses,andanextensiveset
of experimentsdemonstratethat theR-ACM scheme(which
is essentiallyhistogram-like) is much more accurate than
the traditional histogramsfor queryresultsizeestimation.
Due to its high accuracy and low constructioncosts,we
hopethat it couldbecomean invaluabletool for queryop-�
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timizationin thefuturedatabasesystems.

1 Intr oduction

Queryoptimizationfor relationaldatabasesystemsis a
combinatorialoptimizationproblem, which requiresesti-
mationof queryresultsizesto selectthemostefficient ac-
cessplanfor aquerybasedontheestimatedcostsof various
queryplans.

Queryresultsizesareusuallyestimatedusinga variety
of statisticsthataremaintainedin thedatabasecataloguefor
relationsin thedatabase.Sincethesestatisticsapproximate
the distribution of datavaluesin the attributesof the rela-
tions,they representaninaccuratepictureof theactualcon-
tentsof thedatabase.It hasbeenshown in [6] thaterrorsin
queryresultsizeestimatesmayincreaseexponentiallywith
thenumberof joins. This result,in light of thecomplexity
of present-dayqueries,showsthethecritical importanceof
accurateresultsizeestimation.

Several techniqueshave beenproposedin the literature
to estimatequery resultsizes,including histograms,sam-
pling, andparametrictechniques[2, 3, 4, 9, 10, 12, 14, 15].
Of these,histogramsarethemostcommonlyusedform of
statistics,which arealsousedin commercialdatabasesys-
temssuchasMicrosoft SQL Server, SybaseandDB2. A
morecomprehensivelist is shown in Table1.

In this paperwe introducea new catalogue-basednon-
parametricstatistical model called the RectangularAt-
tributeCardinality Map(R-ACM) thatcanbeusedtoobtain
moreaccurateestimationresultsthanthe currentlyknown
estimationtechniques.We argue that the R-ACM canbe
usedasa fundamentaltool for queryresult-sizeestimation,
andprovide themathematicalfoundationfor its use.These
argumentsarefully supportedby a formal maximumlike-
lihood analysis,an expected-caseanalysisof the variance,
and the resultingworst-caseand average-caseerrors. A



Vendor Product HistogramType

IBM DB2-6000(Client-Server) Compressed(V,F) Type
IBM DB2-MVS Equidepth,Subclassof End-Biased(F,F)
Oracle Oracle7 Equidepth
Sybase System11 Equidepth
Tandem NonStopSQL/MP Equidepth
NCR Teradata Equidepth
Informix OnlineDataServer Equidepth

Table 1. Histograms used in commer cial DBMSs.

brief summaryof someof theexperimentalresultswe ob-
tainedusinga real-world database(U.S.CENSUS)is also
includedhere,whichclearlydemonstratesthesuperiorityof
theR-ACM over thecurrentlyusedstrategies.

2 PreviousWork

In the interestof brevity, it is impossibleto give a good
review of the field here. Sucha review is found in [16].
However, to presentour resultsin the right perspective a
brief survey is given.

Equi-width histogramsfor single-attributes were con-
sideredby Christodoulakis[1] andKooi [9]. Sincethese
histogramstraditionally have the samewidth, they pro-
ducehighly erroneousestimatesif the attribute valuesare
not uniformly distributed. The problemof building equi-
depthhistogramson a single attribute was first proposed
by Piatetsky-ShapiroandConnell[14]. This waslater ex-
tendedasmulti-dimensionalequi-depthhistogramsto rep-
resentmultipleattributevaluesbyMuralikrishnaandDewitt
[12].

IoannidisandChristodoulakistook a differentapproach
by grouping attribute values basedon their frequencies
[5, 6, 7]. In theseserial histograms,the frequenciesof
attribute valuesassociatedwith eachbucket are eitherall
greateror all lessthanthe frequenciesof the attributeval-
uesassociatedwith any other bucket. They also consid-
eredoptimalserialhistogramsthatminimizeworstcaseer-
ror propagationin thesizeof join results[6, 7]. Theserial
histogramsprovideoptimalresultsfor equalityjoin estima-
tions,but lessthanoptimalresultsfor rangequeries.Falout-
soset al [4] proposedusinga multi-fractalassumptionfor
real-datadistributionasopposedto theuniformity assump-
tionsmadewithin currenthistograms.

IoannidisandPoosala[8] discussedthedesignissuesof
variousclassesof histogramsandof strategiesfor balanc-
ing their practicalityandoptimality in queryoptimization.
They investigatedvariousclassesof histogramsusingdif-
ferentconstraints(V-Optimal, MaxDiff, Compressed,and
Spline-based)andsort andsourceparameters(Frequency,

Spread,andArea). They also provided varioussampling
techniquesfor constructingtheabove histogramsandcon-
cludedthattheV-optimalhistogramis themostoptimalone
for estimatingtheresultsizesof equality-joinsandselection
predicates.

3 RectangularAttrib ute Cardinality Map

TheRectangularAttributeCardinalityMap(R-ACM) of
a givenattribute,in its simplestform, is a one-dimensional
integer array that storesthe countof the tuplesof a rela-
tion correspondingto that attribute, and for somesubdi-
visions for the rangeof valuesassumedby that attribute.
The R-ACM is, in fact, a modifiedform of the histogram.
But unlike thetwo major formsof histograms,namely, the
equi-widthhistogram,whereall thesectorwidthsareequal,
andthe equi-depthhistogram,wherethe numberof tuples
in eachhistogrambucket is equal,the R-ACM hasa vari-
ablesectorwidth, andhasvaryingnumberof tuplesin each
sector. Thesectorwidthsor subdivisionsof theR-ACM are
generatedaccordingto a rule that aimsat minimizing the
estimationerrorwithin eachsubdivision.

TheR-ACM canbeeithera one-dimensionalor a multi-
dimensionaldependingon the numberof attributesbeing
mapped.To introducetheconceptsformally, we shalldeal
with theone-dimensionalcasein thispaper.

Definition 1 A One dimensionalRectangularACM: Let�	��
 � ������������ ��� �
, where

� ���� �
when

�����
, bethe

setof values1 of an attribute � in relation  . Let thevalue
set
�

besubdividedinto ! numberof sectorwidthsaccord-
ing to therangepartitioningrule describedbelow. Thenthe
RectangularAttributeCardinality Map of attribute � is an
integer array in which the

� " #
index mapsthenumberof tu-

plesin the
� " #

valuerangeof theset
�

for all
�
,
�$�%�&� ! .

1In this work, only ordinal numericalvaluesare consideredfor at-
tributes.It is possibleto convert non-numericattributes(symbolic,scalar-
typed,fuzzy etc.) into ordinal numbersusinga mappingfunction. This
includesmosttypeof attributevalues.For non-ordinaldata(for example,
”real valued”data),we have proposedanothertypeof structurecalledthe
TrapezoidalAttributeCardinalityMap(T-ACM). Resultspertainingto the
T-ACM arecurrentlybeingcompiledfor publication.



Rule 1 RangePartitioningRule:Givena desiredtolerance
value ' for the R-ACM, the sectorwidths, ( ) * +%,�-�,/. ,
of theR-ACM shouldbechosensuch that for anyattribute
value 021 , its frequency3�1 doesnot differ fromtherunning
meanof thefrequencyof thesectorby more thanthetoler-
ancevalue ' , where the running meanis the meanof the
frequencyvaluesexaminedsofar in thecurrentsector.

For example, consider the frequency set4 5 * 6 * 7 * 8 * + 7 * 9 + * : ; < corresponding to the attribute
values

4 0�= * 0?> * 0&@ * 02A * 0�B * 02C * 02D < of an attribute 0 .
Usingatolerancevalue'2EF9 , theattributevaluerangewill
be partitionedinto the threesectors,

4 5 * 6 * 7 * 8 < * 4 + 7 * 9 + < *4 : ; < with sectorwidthsof 4, 2, and1 respectively..

3.1 Generatingthe RectangularACM

Using the range partitioning rule, Algorithm
Generate R-ACM partitions the value range of the
attribute 0 into . variablewidth sectorsof theR-ACM.

Algorithm 1 GenerateR-ACM
Input: tolerance ' , frequency

distribution of 0 as G$H ;�I I I JLK�+ M
Output: R-ACM
begin

Initialize ACM;
current mean := G$H + M ; -&N EF; ;GPO$QRH - MSN EFG$H + M ;
for i:=1 to JLK�+ do

if abs( G$H T M K current mean) U�'GPO�QRH - MSN EFGPO�QRH - M V�G$H T M ;
current mean := (current mean* T VG$H T M )/(T +1); // running mean

elsebegin( )�N E	T K%+ W // set the sector width-PV	V ; // move to next sector
current mean := G$H T M ;GPO�QRH - MSN EFG$H T M ;

end;
end;

endAlgorithm GenerateR-ACM;

Theinput to thealgorithmarethetolerancevalue ' for the
ACM andtheactualfrequency distribution of theattribute0 . Thefrequency distribution is assumedto beavailablein
an integerarray G , which hasa total of J entriesfor each
of the J distinct valuesof 0 . For simplicity reasons,we
assumethattheattributevaluesareorderedintegersfrom 0
to J%KL+ . Theoutputof thealgorithmis theR-ACM for the
givenattributevalueset.

It is obvious that the algorithm, Generate R-ACM
generatestheR-ACM correspondingto thegivenfrequency
valueset.

Assuming that the frequency distribution of 0 is al-
readyavailable in array G , the running time of the algo-
rithm Generate R-ACM is X&Y J�Z where J is thenumber
of distinctattributevalues.

The readerwill observe that we have assumedthat the
tolerancevalue, ' , is an input to theabove algorithm. The
questionof how to determinean”optimal” tolerancevalue
for anR-ACM remainsopen.Wearecurrentlyinvestigating
theuseof adaptive techniques(involving possibly, learning
automata)to solve this.

Sincethe ACM only storesthe countof the tuplesand
nottheactualdata,it doesnotincurtheusuallyhighI/O cost
of having to accessthebaserelationsfrom secondarystor-
ages.Secondly, unlike the histogram-basedor otherpara-
metricandprobabilisticcountingestimationmethodsin use
currently[10], ACM doesnot usesamplingtechniquesto
approximatethe datadistribution. Eachcell of the ACM
maintainstheactualnumberof tuplesthat fall betweenthe
boundaryvaluesof that cell, andthus,althoughthis leads
to anapproximationof thedensityfunction,thereis no ap-
proximationof thenumberof tuplesin thedatadistribution.

The one-dimensionalR-ACM as definedabove can be
extendedto amulti-dimensionaloneeasilyto mapanentire
multi-attributerelation.A multi-dimensionalACM canalso
beusedto storethemulti-dimensionalattributesthatcom-
monlyoccurin geographical,image,anddesigndatabases.

Beforewe derive any of theanalyticalpropertiesof the
R-ACM, it would be fitting to comparethe threemethod-
ologiesfrom acommonconceptualperspective.

3.2 Rationale for the RectangularACM

Without loss of generality, let us consideran arbitrary
continuousfrequency function [\Y 3]Z . Figure 1 shows the
histogrampartitioningof [\Y 3]Z underthe traditionalequi-
width, equi-depthmethodsandtheR-ACM method.

We notethat in the equi-widthcase,regardlessof how
steepthe frequency changesarein a givensector, the sec-
tor widthsremainthesameacrosstheattributevaluerange.
This meanseven widely different frequency valuesof all
thedifferentattributevaluesareassumedto beequalto that
of the averagesectorfrequency. Thusthereis an obvious
lossof accuracy with this method. On the otherhand,in
the equi-depthcase,the areaof eachhistogramsectoris
the same.This methodstill resultsin sectorswith widely
differentfrequency valuesandthussuffers from the same
problemas the equi-width case. In the R-ACM method,
we notethat whenever thereis a steepfrequency changes,
thecorrespondingsectorwidthsproportionallydecrease(or
in other words, the numberof sectorsproportionally in-
creases).Hencethe actualfrequenciesof all the attribute
valueswithin a sectorareassuredto be closerto the aver-
agefrequency of thatsector. This partitioningstrategy ob-
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(a)Equi-widthHistogram
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Figure 1. R-ACM and Traditional Histograms.
Note in (b), the areas of the sector s are equal.

viously increasestheestimationaccuracy. Figure2 showsa
comparisonof probabilityestimationerrorsobtainedon all
threeestimationmethodsonsyntheticdata.

The rationalefor partitioning the attribute value range
usinga tolerancevalueis to minimize thevarianceof val-
uesin eachACM sector, andthis,asweshallsee,hastheef-
fectof minimizingtheestimationerrors.Sincethevariance
of an arbitraryattribute value b2c is givenas d$e f _ b&c a&gh&i _ ` c�jPkSc a l m , forcingthedifferencebetweenthefrequency
of a givenvalueandtherunningmeanof thefrequenciesto
belessthanthetolerancen , (i.e: o ` c�j2kSc o p�n , will ensure
that the varianceof the valuesfalls within the acceptable
range.To geta flavor for theultimategoalof ourendeavor,
wealludeto theexpressionfor theACM variancewhichwe
shallderive in a subsequentlemma(Lemma5). It will later
becomeclearthatminimizingthevarianceof theindividual
sectorswill result in a lower valuefor the varianceof the
ACM.

To demonstratethe relationshipbetweenthe selection
(randommatch)estimationerror and the varianceof the
ACM, we in all brevity, mentionresultsof an experiment
in which we changedthe sectorwidths of the ACM and
computedthe correspondingvariance(i.e: d$e f _ qPr�s�a ).
Theerrorsbetweentheestimatedandactualsizeof random
matchesare plotted againstthe computedvarianceof the

ACM, andshown in Figure3. Theadvantagesof usingthe
R-ACM areobvious.Indeed,moredetailedexpressionsand
experimentalresultswill laterstrengthenthis initial claim.
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Figure 3. Estimation Error vs ACM Variance:
Using random selection queries (matc hes),
the errors between the actual and expected
frequencies where obtained.

4 Density Estimation Using Rectangular
ACM

We shall now studythe propertiesof the R-ACM with
regardto densityapproximation.To do this we considera
one-dimensionalRectangularACM sectorof width z with{ tuples.Also to rendertheanalysisfeasible,we make the
following assumption.

Assumption1 Theattributevalueswithin an R-ACM sec-
tor are uniformlydistributed.

Rationale: Sincethesectorwidthsof theR-ACM arecho-
senso that the frequency of the valueswithin the sectors
do not differ by more than the allowed tolerance,n , we
can seethat thesefrequenciesare guaranteedto be close
to eachother. The original SystemR researchwork [15]
reliedon the(oftenerroneous)assumptionthatthefrequen-
cies of an attribute valueareuniformly distributedacross
theentire attributevaluedomain. With theadoptionof the
equi-width and equi-depthhistogramsin the modern-day
databasesystems(seeTable1), this wasimprovedby mak-
ing the uniformity assumptionsonly within the histogram
buckets.Ouruniformity assumptionwithin anR-ACM sec-
tor is amuchweakerassumptionthanthatusedin any other
previousworkson histograms,dueto its partitioningstrat-
egy. Indeed,asweshallshow from theexperimentalresults
in Section7, thisassumptionis satisfiedwith almostnoad-
ditionalapproximation.
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Figure 2. Comparison of Equi-width, Equi-depth Histograms and the R-ACM for Probability Estima-
tion: Each experiment was run 500,000 times to get the average percenta ge of errors in the estimated
occurrence of the attrib ute values. Estimation errors are given for the exact matc h on a random
distrib ution with 100,000 tuples and 1000 distinct values. For the R-ACM, the tolerance was ~2�F� .
Using the above uniformity assumption,we shall now

derive theprobabilitymassdistribution for theR-ACM.

Lemma 1 The probability massdistribution for the fre-
quenciesof theattributevaluesin anR-ACM is a Binomial
distributionwith parameters � ��� � � � .
Proof: Sincethereare � distinct valuesin the sector, the
probabilityof any of these� values,say �2� , occurringin a
randomassignmentof thatvalueto thesectoris equalto � � .
(SeeFigure4).

� � �2�]�&�]�&�S�&�]�2���2�]�&�0
1

2

3

36

35

34

Sectorwidth ���R�� �R� �]� �%�R�

V
al

ue
F

re
qu

en
cy

Figure 4. Distrib ution of Values in an ACM
Sector

Consideran arbitrary permutation(or arrangement)of
the � tuplesin thesector. Supposethevalue �2� occursex-
actly ��� times.Thismeansall theother � ���	� � valuesmust
occura combinedtotal of � �%�L�]� � times. Sincetheprob-
ability of �2� occurringonceis � � , the probability of it not

occurringis � �P�R�� � . Hencetheprobabilityof anarbitrary
permutationof the � tuples,wherethevalue �2� occursex-
actly ��� timesandtheothervaluescollectively occur�$�&�]�
timesis, � � � �P�  

� ���	��¡�P¢ £]�  �¤ (1)

Clearlythereare ¥ ¢�  
¦

differentpermutationsof the � tuples
in thesectorwheretheabove conditionis satisfied.Hence
we find that the total probability thatanarbitraryvalue �&�
occursexactly �]� timesis,§�¨   � �]� ���

� ���� �
� � � ���  

� �]����¡�P¢ £]�   (2)

which is exactly theBinomial distribution with parameters� ��� � � � . Thisprovesthelemma. ©
5 Maximum Lik elihood Estimate Analysis

for the R-ACM

In theprevioussectionweshowedthatthefrequency dis-
tribution for a given attribute value in the R-ACM obeys
a Binomial distribution. With this as a background,we
shall now derive a maximumlikelihood estimatefor the
frequency of anarbitraryattributevaluein anR-ACM sec-
tor. In classicalstatisticalestimationtheory, we areusually
interestedin estimatingthe parameters(suchas the mean
or otherunknown characterizingparameters)of the distri-
bution of oneor more randomvariables. In our problem



(which is like the inverseversionof a traditional statisti-
calestimationproblem),weareinterestedin estimatingthe
value of the occurrenceof the randomvariable (the fre-
quency ª�« ) which we assumeis ”inaccessible”.We do this
however in termsof anobservationof oneor moreaccessi-
ble randomvariables(thetotal numberof tuples,¬ andthe
widthof theR-ACM sector,  ). To dothisweshallderivethe
maximumlikelihoodestimate,whichmaximizesthecorre-
sponding likelihoodfunction. Indeedthe resultwhich we
get is both intuitively appealingandquiteeasyto compre-
hend.

Theorem1 For a one-dimensionalrectangularACM, the
maximumlikelihoodestimateof thenumberof tuplesfor a
givenvalue ®2« of attribute ® is givenby,¯ª]°�±³² ¬ 
where ¬ is thenumberof tuplesin thesectorcontainingthe
value ®&« and  is thewidthof thatsector.

Proof: We know from Lemma2 that the frequency distri-
bution of a given attribute valuein an R-ACM sectoris a
Binomial distribution. So theprobabilitymassfunctionof
thefrequency distribution of anattributevalue ®¡²F®2´ in
anR-ACM sectorcanbewrittenas,µ\¶ ª]·�²¹¸ ¬ª�º�»�¼ ¶ ½�¾ » · ¿ À ¼
whereª is thenumberof occurrencesof ®2´ . LetÁ�¶ ª�·�² µ\¶ ª]·�² ¸ ¬ ª�º »�¼ ¶ ½P¾ » · ¿ À ¼ ÂÁ�¶ ª]· is the traditional likelihood function of the random
variable ® on the parameterª which we intendto maxi-
mize. We areinterestedin finding out the maximumlike-
lihood estimatefor this parameterª . Taking naturalloga-
rithm onbothsidesof thelikelihoodfunction,wehave,Ã Ä Á�¶ ª�·Å² Ã Ä ¬�Æ ¾ Ã Ä ª\Æ ¾ Ã Ä ¶ ¬ ¾ ª�· Æ ÇLª Ã Ä » Ç (3)¶ ¬ ¾ ª�· Ã Ä ¶ ½�¾ » ·² Ã ÄPÈ ¶ ¬2Ç ½ · ¾ Ã ÄPÈ ¶ ª&Ç ½ · ¾ Ã ÄPÈ ¶ ¬ ¾ ª&Ç ½ ·Ç³ª Ã Ä » Ç ¶ ¬ ¾ ª�· Ã Ä ¶ ½�¾ » · (4)

where
È ¶ ª�· is the Gamma function given by,È ¶ ª�·�²ÊÉLËÌÎÍ À�Ï Ð ¼ ÀSÑ Ò Ð . Now since:È ¶ Ó ·�² È ¶ Ó Ç�Ô$Ç ½ ·Ó�¶ Ó Ç ½ · Â Â Â ¶ Ó ÇLÔ ·

wefind that,È ¶ ¬ ¾ ª&Ç ½ ·Õ² È ¶ ¬?Ç ½ ·¶ ¬ ¾ ª&Ç ½ · ¶ ¬ ¾ ª&ÇLÖ ·]× × × ¬ andÈ ¶ ª&Ç ½ ·Õ² È ¶ ¬2Ç ½ ·¶ ª&Ç ½ · ¶ ª&Ç�Ö ·]× × × ¬$Â

Thussubstitutingthe above expressionsfor
È ¶ ¬ ¾ ª?Ç ½ ·

and
È ¶ ª&Ç ½ · in Equation4, wefind,Ã Ä Á�¶ ª�·Å² ¾ Ã ÄPÈ ¶ ¬2Ç ½ ·SÇ%ª Ã Ä » Ç ¶ ¬ ¾ ª�· Ã Ä ¶ ½�¾ » ·SÇÃ Ä ¶ ª&Ç ½ ·SÇ Ã Ä ¶ ª&ÇLÖ ·SÇ Â Â Â Ç Ã Ä ¬?ÇÃ Ä ¶ ¬ ¾ ª�Ç ½ ·SÇ Ã Ä ¶ ¬ ¾ ª&ÇLÖ ·\Ç Â Â Â Ç Ã Ä ¬

Now differentiating
Ã Ä Á�¶ ª�· with respectto ª , weobtain,ÒÒ ª Ã Ä ÁP¶ ª]·�² Ã Ä » ¾ Ã Ä ¶ ½P¾ » ·SÇ ¿ À ¼ØÙ Ú ¼ Û Ñ

½Ü Â
Setting Ý Þ ß�à ¼ á âÝ ¼ ²äã , and noting that å ¿ À ¼Ù Ú ¼ Û Ñ ÑÙçæÃ Ä2è ¿ À ¼¼Ré , ¯ª]°�± of ª is obtainedas,» ¶ ¬ ¾ ª]·¶ ½�¾ » · ªëê ½ Â
This inequalityis solvedfor ª æ ¬ » . But, by virtue of the
underlyingdistribution, sincewe know that the likelihood
functionmonotonicallyincreasestill its maximum,wecon-
cludethat, ¯ª�°&±ì²í¬ »SÂ
But wehavealreadyseenearlierthat,dueto theuniformity
assumptionwithin anR-ACM sector, » ²/Ñî . Sowehave,¯ª�°&±³² ¬ SÂ
Hencethetheorem. ï

The maximumlikelihoodestimate,
¯ª�°&±�²¹¬ » , which

wederivedusingtheGammafunctionaboveis, mostof the
time, not an integer. In fact, themaximumlikelihoodesti-
matereachesits upperlimit of ¬ » at integervaluesonly in
very specialcases.If we areinterestedin the integermax-
imum likelihoodvaluewhich is relatedto the above max-
imum likelihoodestimate,we have to discretizethespace.
Thus,consideringtheanalogousdiscretecase,we have the
following theorem.

Theorem2 For a one-dimensionalrectangularACM, the
maximumlikelihoodestimateof thenumberof tuplesfor a
givenvalue ®2« of attribute ® falls within therangeof,¶ ¬2Ç ½ · ¾	½ æ ¯ª�°&± æ ¶ ¬?Ç ½ ·ñð
where ¬ is thenumberof tuplesin thesectorcontainingthe
value ®&« and  is thewidthof thatsector.

Proof: The probability massfunction given by
µ\¶ ª�·F²è ¿ ¼ é » ¼ ¶ ½$¾ » · ¿ À ¼ is a steadilyincreasingfunction until it

reachesthemaximumlikelihoodvalue,ª%² ¯ª�°&± . For any



ò�óõôò]ö�÷ , ø\ù ò]ú is a steadilydecreasingfunction. Hence
wecanobtainanintegervaluefor themaximumlikelihood
estimateby solving the following two discreteinequalities
simultaneously. ø\ù ò�ú�û ø\ù ò&üFý úÅóíþ (5)ø\ù ò�ú�û ø\ù ò2û	ý úÅóíþ (6)

FromEquation(5), wehave,ø\ù ò�úçû ø\ù ò&ü	ý ú�ó�þÿ �ò ����� ù ý�û � ú � � � û ÿ��ò&üFý �	��� 
�� ù ý�û � ú � � � � � ó	þ��ò  ù � û³ò]ú  ù ý�û � úçû ��ù ò&ü	ý ú  ù � û%ò&û	ý ú  � ó	þý�û �� û%ò û �ò&ü	ý ó	þ oròìó � ù � ü	ý ú�û�ý �
Similarly consideringEquation(6), by usingsimilar alge-
braicmanipulation,weget,ø\ù ò�úçû ø\ù ò2û�ý ú�ó�þÿ �ò � ��� ù ý�û � ú � � � û ÿ �ò2û	ý � ��� � � ù ý�û � ú � � � � � ó	þ

or ò�� � ù � ü	ý ú �
Since

��� � �
, thetheoremfollows. �

6 Expected and Worst-CaseErr or Analysis
for the R-ACM

Themaximumlikelihoodestimateof thefrequency of a
givenattributevaluetells us that the attribute valuewould
haveafrequency of ôò�ö&÷ with maximumdegreeof certainty
whencomparedto theotherpossiblefrequency values.But
even thoughthe attribute valueoccurswith the maximum
likelihoodfrequency with highprobability, it canalsooccur
with other frequencieswith smallerprobabilities. Hence
whenweneedtofind theworst-caseandaverage-caseerrors
for our result sizeestimations,we needto obtainanother
estimatewhichincludesall thesepossiblefrequency values.
Onesuchestimateis theexpectedvalueof thefrequency of
a givenattributevalue.We useour Binomialmodelto find
theexpectedvalueof thefrequency of anattributevalueas
given in the following lemmaand develop a sequenceof
resultsregardingthecorrespondingestimates.

Lemma 2 For a one-dimensionalrectangularACM,theex-
pectednumberof tuplesfor a givenvalue��� of attribute �
is �&ù ��� ú � ��� � , where

�
is thenumberof tuplesin thesec-

tor containingthevalue��� and
�
is thewidthof thatsector.

Proof: FromEquation(2), theprobabilitythatthevalue���
occursexactly � timesis,����� ù � ú � ÿ � � ��ÿ ý � � ��ÿ � û	ý� � � � �
which is a Binomial distribution with parametersù ��! � � ú .
The result follows directly from the fact that the meanof
thebinomialdistribution,Binomial ù ��! � ú , is

� �
, where

�
is

theprobabilityof success. �
Theabove resultis very usefulin estimatingthe results

of selectionandjoin operations.

6.1 Estimation Err or with RectangularACM

It hasbeenshown thatevena smallerror in theestima-
tion results,whenpropagatedthroughseveral intermediate
relationaloperations,canbecomeexponentialandbedev-
astatingto theperformanceof a DBMS [6]. In this section
weprovidesomedefinitionsfor estimatingtheerrorsbased
on thevariance,andprovidea techniqueto measurethees-
timationerrorsobtainedfrom theR-ACM.

The varianceof a random variable � measuresthe
spreador dispersionthatthevaluesof � canassumeandis
definedby "$# % ù � ú � �$& ' � û �&ù � ú ( ) * . It is well known
that "+# % ù � ú � �&ù � ) ú�û ' �&ù � ú ( ) . Thusthevarianceof
thefrequency of the � , - valueof theattribute � in the . , -
sectoris givenas,"+# % ù � � ú � �0/ ÿ ò � û �21� 1 � ) 3
Expandingtheright handside,weobtain,"+# % ù � � ú � � 45 � 627 ò )� ÿ ý� 1 � � ÿ ý�û ý� 1 � � 4 � � û ÿ��21� 1 � ) (7)

Lemma 3 The variance of the frequencyof an attribute
value � in sector. of anR-ACM is,"$# % ù � ú �8�21 ù � 1 û	ý ú� )1 (8)

Proof: It is well known thatthevarianceof aBinomialdis-
tribution with parametersù ��! � ú is

� � ù ý�û � ú . Henceusing
thepropertyof theBinomialdistribution,theexpressionfor
thevariancegivenin Equation7 canbereducedto theone
givenin thelemma. �
Lemma 4 Thesectorvarianceof the . , - rectangularACM
sectoris, "+# % 1 �8�21 ù � 1 û	ý ú� 1 (9)



Proof: Wenotethat 9$: ; < =�> ? is samefor all @2A B+CD@�CFE G ,
in a givensector. Sincethe randomvariablesareindepen-
dent2, summingup the variancesof all the valuesin the
sectorwill give usanupperboundfor theestimationerror
or varianceof thesector. Theresultfollows. H

Similarly, summingup the variancesof all the sectors,
weobtainanexpressionfor thevarianceof theentireACM,
which is givenin thefollowing lemma.

Lemma 5 Thevarianceof anR-ACM is givenby,9$: ; < IKJ+LM?	NPOQ R S�T 9$: ; R (10)

where U is thenumberof sectors in theACM.

Proof: The result follows directly from the fact that the
variancesin eachsectorareindependent,thussummingup
the sectorvarianceswill yield the varianceof the entire
ACM. H
6.2 Err or Estimatesand Self-Joins

It is interestingto study the join estimationwhena re-
lation is joined with itself. Theseself-joinsfrequentlyoc-
cur with 2-way join queries.It is well known [11] that the
self-join is a casewherethequeryresultsizeis maximized
becausethehighestoccurrences(frequencies)in thejoining
attributescorrespondto thesameattributevalues.Assum-
ing thattheduplicatetuplesafterthejoin arenoteliminated,
wehave thefollowing lemma.

Lemma 6 Theerror, V , resultingfrom a self-join3 of rela-
tion W onattribute = usinga rectangularACM is givenby,V	NX9+: ; < IKJ LM?�YZOQG S[T]\^ _a` bQ> S�T c�d> egf dG Y f G E G e f GE Gih jkDl
Proof: The proof is a little cumbersomeandnot included
herein theinterestof clarity andbrevity. It is foundin [13].

Theorem3 The variance of a rectangular ACM corre-
spondingto attribute = is,9+: ; < IKJ LM?	NXm e OQG S�T f GE G l (11)

2Wereallydon’t needindependencefor this. Uncorrelatednessis suffi-
cient.

3In oneof hisrecentworks[8], consideringaV-optimalhistogram(de-
finedin hiswork), Poosalahasclaimedthattheerrorresultingfrom aself-
join is equalto thehistogramvariance.Indeed,althoughhis resultis basi-
cally truefrom anorder-notationpoint of view, themoreexactexpression
is givenin this lemma.

Proof: FromLemma5, thevarianceof anR-ACM is given
by 9$: ; < IKJ+LM?	Ngn OG S�T 9+: ; G , where9+: ; G is thevariance
of the o p q sector. But fromLemma4, 9$: ; GKN f G < E G e B ? r E G .Hence,9$: ; < IKJ+LM?sN OQG S�T f G < E G e B ?E G N OQG S�T f G e OQG S�T f GE GNtm e OQG S[T f GE G l
Hencethetheoremfollows. H
6.3 Worst CaseErr or with the RectangularACM

As mentionedearlier, forcing a frequency value to be
within a giventoleranceu to therunningmeanensuresthat
the frequency distribution within anR-ACM sectoris very
closeto uniform. We notethat whenever every frequency
valueis alwaysconsistentlysmaller(or alwaysconsistently
greater)thanthecurrentmeanby thetolerancevalue u , the
resultingsectorswill be far from uniform. Sowe have the
following definition.

Definition 2 A distribution is saidto be”least uniform” if
for everyattributevalueof = R , thefrequency

c R
attainsthe

value
c R N8v R w[T e u , if

c R
is decreasingor

c R Nxv R w[T Yu if
c R

is increasing, where v R w[T is the meanof the first< y e B ? frequencies.A sectorof theformertypeis calleda
monotonicallydecreasingR-ACM sector. Similarlya sector
of the latter type is called a monotonicallyincreasingR-
ACM sector.

Themotivationfor theabove definitioncomesfrom the
following observation. Assumethat during the processof
constructinganR-ACM sector, thenext value

c R
is smaller

thanthecurrentmeanv R w[T . We notethatif
c R�z v R w[T e u

then,wewill havegeneratedanew sector. Hencethesmall-
estvaluethat

c R
canassumeis

c R NFv R w[T e u . Theresulting
distribution is shown in Figure5(a). This is formally given
by the following lemma. This lemmais givenfor thecase
whenthesectoris amonotonicallydecreasingR-ACM sec-
tor, or in otherwords,wheneveryfrequency valueis always
smallerthanthe previous runningmean. The casefor the
increasingR-ACM sectoris provedin ananalogousway.

Lemma 7 A decreasingR-ACM sectoris ”least uniform”,
if andonly ifc >ZNt: e >

w[TQ R S[T u y for B CF@�CFE G l



Proof: Notethat in this case,leastuniformity occurswhen
thequantity {K|[} ~����]�2� assumesits largestpossiblevalue
(or when ��� assumesits minimumvalue),where {K|[} ~�� is
the expectedvalueof ~ in a sector. We assumethat the
frequency of thefirst valueis �2���X� .
Basis: �[�����M� Sincethe currentmeanis {K|[} ~������ ,
andthesectoris a decreasingR-ACM sector, theminimum
possiblevaluefor �2� is obtainedfrom {K|[} ~��	�D�2���0� .
This is achievedwhen�2�K�X�+��� .
Inductivehypothesis:Assumethestatementis truefor �a��
. So the sectoris the leastuniform for the first

�
values

andthefrequenciestake thefollowing values:�[���t��2���t�+����2���t�+�M� ��
...

...
...�2�Z�t�+� � �[�� � �[� � �

For �]� �+�X� : Theminimumpossiblevaluefor ��� ��� with-
outcreatinganew sectoris obtainedwhen{K|[} ~�� ����� ������ . This is achievedwhen�2� �[�K�X{�|�} ~����]� . So,��� �[��� �2� � ��� �X� � � � ���� ����t�+� � � � �� �X� � � �F� � �[�� ��� � �� ����t�+� } � � � � � � } � � � � � � �F�a� � � � �� �[�� �]��t�+� � �[} �� � �� �X� � � � �� �[� ���F} � � � � �� ����t�+� �� � �[� � �
Thisprovesthelemma. �
Lemma 8 AnincreasingR-ACM sectoris ”least uniform”,
if andonly if�2�Z�t� � � �[�� � ��� � � for

�+ F�� F¡ ¢ �
Proof: The proof is analogousto that of Lemma7 and
omittedin theinterestof brevity. �

We shallnow presenta tight boundfor thefrequency �2�
of anarbitraryattributevalue ~�� in thefollowing theorem.

Theorem4 If thevalue ~�� falls in the £ ¤ ¥ sectorof an R-
ACM, thenthenumberof occurrencesof ~�� is,� ¢¡ ¢ �X¦ �+§ ¨a� � © ¦   �2�   � ¢¡ ¢ � ¦ � § ¨a� � © ¦
where ¨ª�ª« ¬��® ¯� �[� ° , and � ¢ and

¡ ¢
are the numberof

tuplesandthesectorwidthof the £ ¤ ¥ sector.

Proof: Considera sectorfrom an R-ACM. Let the fre-
quency of the first value �[� be � . We note that the R-
ACM sectorwill becomea”skewed” one,if thesubsequent
valuesareall smalleror all greaterthanthe previous run-
ning meanby � . FromLemmas7 and8, it is obviousthat
suchsectorsarethe”leastuniform” onesin anR-ACM, and
consequentlythe largestestimationerror occursin sucha
”skewed” sector. Assumethat the frequency valuesfrom�2� to � ® ¯ decreasemonotonicallyin this manner. In other
words,if themeanof thefirst

�
valuesis ±[� , thenthenext

valuewill take its lowestallowablefrequency, ±[� ��� . The
resultingdistributionis shown in Figure5(a).FromLemma
7, the frequency of anarbitraryattributevalue ~�� is given
by, �2�²�t�+� � �[��� �[� � �
The expectedvalue {�} ~�� � is the meanfrequency for the

entiresector. So,{�} ~�� �s� � ® ¯� �[� ���¡ ¢�t�+�]�]³ �	� �� �X� � � � �¡ ¢ � � � ¡ ¢ � �¡ ¢µ´
But thefrequency of anarbitraryvalue ~�� is,�2�[�X�+���]³ �	� �� �F� � � � �� � � ´
Sotheestimationerroris,���[��{�} ~�� �	�F�D¶· ® ¯� � �[� ���� � ¸¹� xºººº �a» « ¬ ³ ¡� � � ´X� � ¼[ºººº
Hence, �2��½ � ¢¡ ¢ � ºººº � » « ¬]³ ¡� � � ´ � � ¼ ºººº
Similarly using symmetry, for an R-ACM sector with
monotonicallyincreasingfrequency value(seeFigure5(b)),
wecanshow that,���   � ¢¡ ¢ � ºººº � » « ¬]³ ¡� � � ´ � � ¼�ºººº �
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Figure 5. (a) A decreasing R-ACM sector; (b) An increasing R-ACM sector; (c) Darkl y shaded area
represents the likel y frequencies of attrib ute values given by Theorem 4.

Thetheoremfollows. Ì
The readershould note that the compositeeffect of

the monotonicallydecreasingfrequency sequenceandthe
monotonicallyincreasingfrequency sequencerestrictsthe
set of frequency valueswhich the attributes can take as
shown in Figure5(c). Thefollowing exampleillustratesthe
implicationsof theabovetheorem.

Example1 Consideran R-ACM sectorof width 10 con-
taining124tuples,where theR-ACM is partitionedusinga
tolerancevalue Í]ÎMÏ . Let usattemptto find theestimated
frequencyrangesfor theattributevalues(a) Ð�Ñ and(b) Ð�Ò .
(a). Thefrequency rangeof Ð�Ñ is,Ó Ô Õ Ö+×FØ Ï Ù Ú ÛKÜ ×FÓ Ý Ø Þàß Ñ ÞgÓ Ô Õ ÖKágØ Ï Ù Ú ÛKÜ ×DÓ Ý ØÓ â Õ Ü ã Þàß Ñ ÞgÓ Ö�Õ Ô Ï
(b). Thefrequency rangeof Ð�Ò is,Ó Ô Õ Ö+×FØ Ï Ù Ú Û Ô ×FÓ Ý Ø Þàß Ò ÞgÓ Ô Õ ÖKágØ Ï Ù Ú Û Ô ×DÓ Ý ØÓ Ó Õ Ö ä$Þàß Ò ÞgÓ Ï Õ Ï Ô

Notice that in both the above cases,the possiblefre-
quency valuesfrom anequi-widthor equi-depthhistograms
are

â]ÞMßFÞ0Ó Ô Ö
, where

ß Î ß Ñ or
ß Ò . Thepower of the

R-ACM in theestimationis obvious!

6.4 Worst-CaseErr or in RangeSelectQueries

Unlike the previouscase,whenestimatingthe sumof fre-
quenciesin an attribute valuerange,we have to consider
threedistinctcases.These(apictorial representationof this
is foundin [16]) arenamelythecaseswhen,

1. The attribute value rangespansacrossone R-ACM
sector.

2. The attribute valuerangefalls completelywithin one
R-ACM sector.

3. Theattribute valuerangespansacrossmorethanone
R-ACM sector.

In thefirst case,estimationusingtheR-ACM givestheac-
curateresult( å2æ ) andthereis no estimationerror. Thees-
timation error in the secondcaseis given by the theorem
below. The estimationerror in the third casecan be ob-
tainedby notingthatit is in factthecombinationof thefirst
andsecondcases.

Theorem5 An estimatefor theworst-caseerror, ç , in esti-
matingthe sumof frequenciesof Ð�è in the attribute value
range, Ð�é Þ Ð�è Þ Ð$ê , whenboth Ð�é and Ð$ê fall com-
pletelywithin anR-ACM sectoris givenby,ç�Î8ëëëë Ú Û�ì�í î ê ï2é ð[ñ ò óæ Ù ô ×FÓ Ý õÙ ö ×�Ô Ý õ ÷ ëëëë × Ù ô × ö áXÓ Ý Í
where ôaøFö .

Proof: Using Theorem4, we can computethe error re-
sulting from this resultsizeestimationby summingup the
worst-caseerrorfor eachof theattributevaluesin thegiven
valuerange.Thuswehavethefollowing cumulativeerror.ç�Î êùè ú2é ì�Í$ëëëë Ú Û]û í æü�×DÓ ý ×DÓ ëëëë ÷ÎàÍ êùè ú[é Ú Û]û í æü�×DÓ ý × Ù ô × ö áFÓ Ý ÍÎþëëëë Ú Û ì í î ê ï2é ð�ñ ò óæ Ù ô ×FÓ Ý õÙ ö ×�Ô Ý õ ÷Këëëë × Ù ô × ö áFÓ Ý Í Õ
Hencethetheoremfollows. Ì



6.5 AverageCaseErr or with RectangularACM

The previous theoremgives the boundsfor the worst-
caseestimationerror by consideringthe ”least uniform”
sector. But whatabouttheestimationerroron theaverage?
Averagecaseerroroccursin atruly randomsector. In aran-
domsector, frequency valuesdonotmonotonicallyincrease
or decreaseasin the leastuniform casewe consideredbe-
fore. Instead,they takeona randomvaluearoundthemean
boundedby thetolerancevalue. In otherwords,if thecur-
rentmeanis ÿ , thenthe next frequency valueis a random
variablebetweenÿ�� � and ÿ � � . Whenever thenext fre-
quency valuefalls outsidetherangeof � ÿ�� � � ÿ � � � , then
anew sectoris generated.

Theorem6 Theaverage caseerror in estimatingthe fre-
quencyof an arbitrary attribute value with a rectangular
ACM is boundedby � � .
Proof: To computetheaveragecaseerror, we arerequired
to computethe errorat every attributevalueandthentake
its expectedvalueby weighting it with the probability of
thecorrespondingerror. However, sincethefrequency of an
attributevaluecanvaryonly in therangeof � ÿ�� �	� ÿ � � � , the
maximumvariationthefrequency canhaveis � � . It follows
that the maximumerror is alwaysboundedby � � , andthe
resultfollows. 

6.6 Estimation of Join Err or

The estimationerror resultingfrom an equality join of
two attributesis usuallymuchhigherthantheestimationer-
rors resultingfrom theequalityselectandrangeselectop-
erations.

Lemma 9 Consideringthe equality join of two domain
compatibleattributes � and � with ������ � , if the ex-
pectedresult sizeof the equalityselectionquery, �	������� ,
usinganACM is ��  andthatof � ����� � is �� � , thenthemaxi-
mumerror resultingfromjoining theattributes� and � on
thevalues�� and � � is givenby,� �! " ��  � # � �� � � $ � � $ � # %  
where � $ and � # are theestimatederrors resultingfromthe
equalityselectionqueries�	������� and �	����� � respectively.

Proof: Assumethat theactualfrequency valuesof �� and� � are �  and � � respectively. Hencetheactualsizeof the
join contributionfrom thesevaluesis,& � �  � � '
But theexpectedsizeof thejoin contributionfromtheabove
valuesis,

�& �(��  �� � '

2 2.5 3 3.5 4 4.5 5 2 2.53 3.54 4.55
0
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Figure 6. Join Estimation Error and the Posi-
tions of Attrib ute Values

Thusthemaximumerror resultingfrom joining thevalues�)�*�� and �+�,� � is,

� �- & � �&  �- �  � �.�+��  �� �  
The possiblevalues for �  can be either " �� /� � $ % or" ��  � � $ % . Similarly the possiblevaluesfor � � canbe ei-
ther " �� ��� � # % or " �� � � � # % . We note that out of the 4
possiblevaluecombinationsof theseexpectedvalues,only" ��  � � $ % " �� � � � # % givesthelargesterror. Hencethemaxi-
mumerrorbecomes,

� �0 ��  �� �.�1" ��  � � $ % " �� � � � # %  �0 ��  � # � �� � � $ � � $ � #  '
Thelemmafollows. 


Consideringall the valuesof attributes � and � , it is
possibleto find thecumulative error in theestimationof a
join. Henceusingthe resultson estimationerrorswe ob-
tainedearlier, wecanfind thejoin errorsfor boththeworst-
caseandaverage-casesituationsin R-ACM andT-ACM.

Since the worst-caseerror in estimatingthe selection
queries � �.�2��� and �	���2� � is dependenton the positions
of the attribute values �� and � � within the correspond-
ing R-ACM sectors,we note that the worst-caseerror in
theabove join is alsodependenton thepositionsof theat-
tributevaluesbeingjoined.Figure6 showstherelationship
of theworst-casejoin estimationerrorandthepositions3 � 4
of theattributevalues�� and � � within theR-ACM sectors.
Note that the join estimationhasthe lowestworst-caseer-
ror whenboth �� and � � arethelastattributevaluesin their
correspondingsectors.

We comparetheworst-caseandaverage-caseestimation
errors for equality-matchqueriesin the traditional equi-
width, equi-depthhistogramsandthenew R-ACM method
in Table2 andnotethattheR-ACM providesmuchsmaller
estimationerrorsthanthetraditionalhistograms.



Histogram Worst-caseError Average-caseError

Equi-width 5�6 7/8 92:.;=< >?A@ < >?�B 5�6 7/8 92:.;+< >?C@ < >?�B
Equi-depth DE ? >

F
D ? >

R-ACM G�HHH
I JLK ? >M N F O ;*P HHH Q G

Table 2. Comparison of Histogram and R-ACM Errors. Note that G is much smaller than R : .
7 Experimental Results

Weconductedanextensivearrayof experiments,involv-
ing a numberof real-world databases,to comparetheper-
formanceof the R-ACM to the traditionalequi-widthand
equi-depthhistogramscurrentlybeingusedby mostcom-
mercialdatabasesystems.Tables3 and4 show theexperi-
mentalresultsconductedon someof thedatasetgenerated
from theU.S.CENSUSdatabase4[18]. Sinceit is impossi-
ble to list all of our experimentalresultshere,we refer the
readerto [16, 17] for moredetailedinformation.

The queriesfor our experimentsconsistedof either(a)
equalityjoin (b) equalityselectionor (c) rangeselectionop-
erators.

Thefirst groupof experimentswereconductedon equi-
width, equi-depthhistogramsandthe R-ACM. In eachof
ourexperimentalruns,we chosedifferentbuild-parameters
for the histogramsandthe R-ACM. The build-parameters
for theequi-widthandequi-depthhistogramsarethesector
width andthenumberof tupleswithin asectorrespectively.
Thebuild-parameterfor theR-ACM is thetolerancevalue,G .

We obtainedthe relative estimationerror as a ratio by
subtractingtheestimatedsizefrom theactualresultsizeand
dividing it by the actualresult size. Obviously, the cases
wheretheactualresultsizeswerezerowerenotconsidered
for errorestimation.We implementeda simplequerypro-
cessorto computethe actualresultsize. The resultswere
obtainedby averagingtheestimationerrorsover a number
of experimentsandareshown in Table3.

In thesecondgroupof experiments,wecomparedthere-
sultestimatesfrom theR-ACM for threedifferenttolerance
values.Againwe considered(a) exactmatchselectqueries
(b) rangeselectqueriesand(c) equi-join queriesand ob-
tainedthe averageestimationerrorsby comparingthe es-
timatesto the actualresultsizes. The resultsaregiven in

4The CENSUSdatabasecontainsinformation abouthouseholdsand
personsin the U.S.A, providing variousstatistics. The Data Extraction
System(DES) at the U.S. CensusBureauallows extracting recordsand
fields from very large public informationarchives suchasgovernmental
surveys andcensusrecords.It producescustomextractsin selectablefor-
matsthatcanbelateranalyzedby statisticalpackages.

Table4.

7.1 Analysisof the Results

Theresultsfromthefirstsetof experimentsshow thatthe
estimationerrorresultingfrom theR-ACM is consistently
muchlower thanthe estimationerror from the equi-width
andequi-depthhistograms.This is consequentto the fact
thefrequency distributionof anattributevaluewithin anR-
ACM is guaranteedto becloseto thesectormeansincethe
partitioningof thesectorsis basedonauser-specifiedtoler-
ancevalue,andthedeviationfrom therunningsectormean.
Thus,for example,we seethat in theequi-selectoperation
in Table3, thepercentageestimationerrorfrom theR-ACM
is only 5.23%,which is significantlysmallerthanthat ob-
tainedby theequi-widthandequi-depthhistogramswhich
are 28.8% and 23.4% respectively. This indeeddemon-
stratesanorderof magnitudeof superiorperformance.Such
resultsare typical with both syntheticdataandreal-world
data(See[16] for moredetailedexperimentalresults).The
powerof theR-ACM is obvious!

The secondsetof experimentsillustratesthat the accu-
racy of theR-ACM falls in an inverselyproportionalman-
ner to the tolerancevalue. Sincesmallertolerancevalues
resultin a proportionallylargernumberof sectorsin theR-
ACM, thereis obviouslya trade-off of estimationaccuracy
andthestoragerequirementsof theR-ACM. FromTable4,
we seethat for the tolerancevalue G,S(T , the percentage
errorfor therange-selectqueryis only 2.09%.As opposed
to this, whenthetolerancevalueis increasedto GUS+V , the
percentageerror for the sameoperationbecomes17.48%.
Suchresultsareagaintypical.

Our resultsfrom thesetwo setsof experimentsconfirm
our theoreticalresults,summarizedin Table2, andclearly
demonstratethat theestimationaccuracy of theR-ACM is
superiorto thatof thetraditionalequi-widthandequi-depth
histograms.

8 Conclusion

In this paperwe have introduceda new histogram-like
approximationtechnique,calledthe RectangularAttribute



Equi-width Equi-depth R-ACMOperation ActualSize
Size Error Size Error Size Error

Equi-select 1796 1279.1 28.8% 1365.6 23.4% 1702.3 5.23%
Range-select 32109 30008.3 6.5% 31214.9 2.8% 32319.2 -0.65%
Equi-join 720988 543908 24.6% 610482 15.3% 660183 8.43%

Table 3. Comparison of Equi-width, Equi-depth and R-ACM: U.S. CENSUS Database

EstimatedResult PercentageErrorOperation ActualSize W�X*Y W�X,Z W�X,[ WLX1Y WLX*Z W�X,[
Equi-select 1435 1338.5 1292.1 1143.6 6.75% 9.97% 20.34%
Range-select 26780 26219.1 24918.3 22098.9 2.09% 6.95% 17.48%
Equi-join 563912 610180 680953 719320 -8.2% -20.8% 27.56%

Table 4. Result Estimation Using R-ACM: Data - U.S. CENSUS Database

CardinalityMap,for queryresultsizeestimation.Sincethis
strategy is basedon a user-definedtolerancevaluefor par-
titioning thesectors,its worst-caseandaverage-caseerrors
areassuredto bewithin adesiredbound,andthusit is more
accuratethanthe traditionalhistograms.By proving a Bi-
nomialdistributionto representfrequency variationswithin
sectors,we have first of all presenteda maximumlikeli-
hoodanalysis,andthereafterprovidedtheoreticalresultsto
comparethe accuracy of the R-ACM to that of the tradi-
tional histograms,bothin theaverage-caseandworst-case.
We have alsoconductedextensive experimentsusingreal-
world datato supportthevalidity of our theoreticalresults.
We hopethat due to its high accuracy and relatively low
constructioncosts,it could prove to bea standardtool for
queryresultsizeestimationin futuredatabasesystems.
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