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CHUAQUI'S DEFII{ITITIN OF PROBABILITY

II{ SOI'IE STOCHASTIC PROESSES

Leopol do Bertossi

ABSTRACT. Mode1s for } larkov Dependent Bernoull i  Trials,
llarkov Chains, Random Walks and Bror^mian Motion are con-
structed in the frauEnork of Chuaquira Definition of prob-
ab i l i rv .

Chuaqui 1980 and 1981 erylairs how a semantical definition of probability can

be applied to random erperinents that give rise to corpor.nd outcqres. In order

to do this, he introdr-rces wtrat he calls "conpotnd probability structurestr (CPS).

These CPS are based on causal trees of the form (f,.R) where ? is a nonerpty set

and F is a panial order in f which reflects the causal dependence relation

between the sinple outconEs wtrich rnake rp the conpound outccrne.

In the applications we are interrested in,the elerents of T are tine rprents

and R is a the natural linear order -<.

A corpotnd outcore is a finction f with donain ? for which f(t) is an out-

core in a sinple probability stnrcture (SfSl (see Chuaqui 1977 and 1981) . Start-

ing with lno,n probability reasures on these SPS, he defines a probability nrea-

sure on the set of conpound outcores (see Chr:aqui 1980)

In wtrat follovrs rre show how this definition works for sone lncnnn stochastic

processes.

1 .  I , I A R K O V  D E P E N D E I I T  B E R I { O U L L I  T R I A L S  ( I , I D B T )

We repeat n tires an eryerircnt *hich has only two possible outcorcs, a

and f (for success and failure). lb asstne that p",f ir the probability of f cr

the (k+1)-st trial, giren that the outcsrc was a on the k-th trihl, and that tlre

analogously defined probabilities F",", pf 
,", 

pf 
,f 

^n lmor+n and independent of

k. l{le also asswre the initial probabilities p6, py to be kno^n.
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I- lere ? = {r0 tn_,1},and we consider in ? the natural order relat ion:

t t<  t j  i f  and on ly  i f  n  <  i .  We assoc ia te  wi th  eachtOe. I ,  i  >  0 ,  two s imple

proUabiri.ty structrro"s f and rf. The models in f are of tlle form .,4",,s1 Fq,{o}r,

with .as a non-erpty set, {s8,.d } a fixed partition of .4s where the proportion of

elerents of AB which are in f is p"," *d that of the elengnts which are in f
' r  

psrf,  *d a an elenent of l{8.

The appearance of an elenent of .98 girrcs outcore s and the appearance of an

elerent of .fgives outcore f.

we  w r i t e  as r f u r  { .A " , s " , f  , 1o } r :  ae  f t  u raa }  f o r  {< ,4s , f  " f  , i a }> :a  - f }

and sinplifying, we write f = {A,"r, &"o}. Analogously, we define Xf and write

KI = {d.tra[t; otlna a] eive olt.o* f; dl *a oLf, sive outcorre s.
To conplete our forrmrlation, we associate with t'nthe sinple probability

structur€ Ko= {A!, A.?}, wtrere the definition of Ao" ma A0, is analogous'to

that of d-! and Af , respectively.

The following probabilities fo1low inrnediately from the aborrc defilition:

u ( & s ) = p  ^  u ( d s ) = p
I '  

' �  s r l  A '  '  s r S
f f

,(e'i = pf,f v(al) = Pf,"

v{af ; l  = p"  v@p = pf  .

A eompowtd outeome is a furrction f which satisfies the follor^ring conditions:

Domain of f = T,

f ( tg)  -  (0  ,

t ( t1r ) -  d f i r , .p l ies  f ( t , .+ f )  -  
1 /  

and f ( t7 . )  -d , *  inp l ies  f ( t t * l )  -  f  ,

with * e {s,f} for k > 0 and * = 0 for k = 0.

a)

b )

c)

The conpotnd probability structure corresponding to these MDBT is .&= (?,-(,H>

wtrere H is the set of all functions that satisfy (a) - (c) . Orn the basis of the

probabilities assigned aborre and the relation -< in 7, we define a probability

neasure u on H. In the case of MDBT, it is inter:esting to calculate the proba-

b i l i t i es :

K .
f" = Rrobabil itY of s on

nf = nroUability of f on

To do this, it is enougfr to solve a difference eqlration whose derivation is

based on the "total probability theorem" which can be formulated and proved in

this context in the usual fashion.

Clearly, the si.tuation corresponding to Markov Chains can be fornn-rlated in

a form corpletely analogous to that of MDBT. In considering lt4arkov Chains, it

is rerely necessary to choose a greater nurber of sirple probability stnrctures

associated with each ncilrent of tine and a greater ntmber of transition probabil-

i t i es .

the k-th tr ial

the k-th tr ia1.
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2 .  RA i lD0 l , t  t f  ALKS.

Let trs consider a one dimensional random walk which, starting fron the ori-

gin, is ccntrolled by a coin thrown n tines, r^rhere the step size is constant ard

equal to 1.

Here ? = {t0,. . . , tn}, ? ordered as in 51. We associate with tO the sirple

probabil i ty structure K = {A.O} wittr  % 
= . iO},{0}>. For each tU, k ,  0, define

u tk r=  { - k ,  - k+2 , .  .  .  , k -Z , k }  and  u t ' t =  {0 } .

A twtdom ualk (a conpound outcone) is a fr.rrction f r,vhich satisfies the following

conditions:

a) Domain of f = T,

b) f( tg) = &0 ,

c) f (t7.) is a model of the form <4r, il)> with tr e utk

d)  f ( t i l  =  e tk , { I }>  i rp l ies  f (17,11)  -  Kk* l , t r t=  {< t tk+1, { } ,+ ' t }> ,  .u tO*1"  { I -1}>} .

With eadr tk -T, k > 0, we associate a farnily of SPS with the sane similarity

type and a conrnon universe, narely the family {Kk,^:trrr W7r-1}.

The probability in KU,l ir uriformely distributed if the coin which controls

the walk is urbiased, but, in general,

V ( .u t k , i f +1 )> )  =  p  and

v(<utk , { f -1}>)  =  l -p  for  eadr  k  and for  each I  €  u tk- ' .

we assign to OL O the probability 1.

The CPS corresponding to this kjnd of random walk is E = 1Tt (rH), wtrere H

is the set of all fi.nctions whidr satisfy (a) - (d). On H one obtains a probabil-

ity reasure u deterrnined by E and the probabilities assigned above to the SPS

Kk, ̂ '
hb can calculate probabilities according to Chuaqui 1980, such as, for ex-

anple, the probability of the path fc H shown in the given figure.

( q * , l r l  >
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We show that u(f) = pn, as e)pected. In Chtnqui 1980, the measure u on H is de-

fined by induction on ordinals.

L e t  g  e H ,  t e T  a n d  T r : =  { s  c  ?  . '  I  - (  t ,  e  *  t } ,  t h e n  H ( g r t ) : =  { h ( t ) : h  e H ,

glrt: tzlrr\ is an SPS r,rtrere a probability reasure with values p and 
'l-p 

is de-

fined. Denote this neasure by ,g,r. We need sorn definitions from Chuaqui 1980:

fi is the set of all ninimal elenents of ?-UUd: B c c)

To :=  U{ f [ :  g  c  cr ]  i  
-?o:= 

U{ f  
6 :  B g  cr } ,  o  ord ina l .

7 t  ' =  ? t U { t } ,  t e T .

H ( s )  : -  i f f s  :  f  c H ) ,  s : r .

A ( s )  : = { f f s :  f  e A } ,  s c . T ,  A c H .

Then  we  have  T i  =  { t i } ,  T i  =  { t 0 , .  . . , t i _1 }  ,  7O  =  { t 0 , .  . .  , t i \  .

ttre have to find the neasure u on H. Clearly H = H(Ts). Then the neasure on

H is i4 r.frich is defined for A s H by

F*  6Q t ) )  =  I  . _  - va . t - (A (s , t r ) ) dv tntn  "  A ( r t r )  Y ' "n

where A(g,t)

that

u ( f )  =  i t r ( { f } )  =  
, l - , _  , r a . t . - (A (g ,  t ) ) dv r ,- "  
{ f l r t n }  Y ' " n

=  H r  *  ( f  ( e , )  ) ' u n  ( f  l r r - )' T t L n '  '  r . "  u n -  '  - n '

-  
, . r t t t T l r t ) .

The reasure u6n is defined by'

t h =  n ( u " , s e T ) _ 1  a l l d  s < t n ) = l t n _ 1 .

' I rus ,  
u( f l  -  

, . i tn - , | f f l l t ) .  I f  we ca lcu la te  i7n-1 as we ca lcu la ted i1r ,  we

harre, qpon i terat ion, u(f l  = pn.

Within this fonmrlation we can prove all the results of Probability Calctrlus

involrring random walks.

3.  BRorf t IAr{  i loTl0 l { -

Our fornmlation is nctivated b1' the known fact thiry by speeding tp a random

walk it is possible to obtain a good model of Brownian l,btion. We ar,nid this ex'

plicit acceleration process trsing non-standard tedrriqws. Let us consj,der a

Bror.nian lvbtion during a ul i t  of t inr and r r l-saturated non-standard extension

V(*R) of the slperstructure \'(R) of the real ntnrbers.

Le t  n  e  *N .N  be  an  i n f i n i t e  na tu ra l  n r . unhe r  and  |  =  i 0 ,1 /n ,2 /n , . .  - , 1 )  o rde r -
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ed in the natural way. we associate to each t^ = ),/n e ? the set

ur^:  t -* ,#, . . . , * ,#,  ^  > 1

5  : =  { 0 } .

Now,  i f  oe  u t ^ -1 "  l  >  1 ,  t hen  K l ro r=  {& } r r , , + ,a t r , o_ } ,  w i t h  d^ ,o * i=1u2y : {o fn l t

and d 
l,o- i - <41't"-frt, is a sirple probability stnrcture rith ul,o (& y,o*) =

u ) . , 0 ( cL  t r , o - )  
=  1 /2 .

A possible path of Brownian lr4ction is a ftnction f such that:

a) Dormin of f = I,

b )  f ( 0 )  =  <zg ,  { 0 }> ,

c )  t ( t f - 1 )  =  q t t _1 , {o }>  i r p l i es  f ( t f )  -  K^ ,o ,  I  >  l .

L€t H be the set of all possible trajectories. On H one obtains a probability
reasure u induced by the ul,o's. As indicated in Chuaqui 1980, u is defined by
indrction on ordinals wtrich in this sittration rnay be hyperfinite.

lrre define randon variables (xt) l  = g on H by x1^(f):= var.(f(r^)),  where
Var.(f(t^)).*n is the real nurber that telongs to the variable part of f(r l) .
For  exarp le ,  i f  f ( t r )  =  (ur t , {o}>,  then Var . ( f ( r l ) )  =  o .

Using sone results of Anderson 1976, it may be shoun that this is a good
nrdel for Brownian lvbtion. Indeed, i f  f  e H, E define xs(f l  for eactr s-*[0,1]
by

xs( f l  i=  x t [ns1 ( f ) * (ns-  [n" ]  1 .  (xr fns l*1( f l  -xr1n"J ( f l )  .

In this way we harre a set H that contains all possible trajectories, a rpasure

u defined on H, or ncre precisely, on a fanily A of strbsets of H and a fanily
(x")"-*[0,,1] of random variables. Furthermore, al l  these objects (r,  the ftmc-
tions f, H, I, the x"'") are internal. This is also the case for the rrpasure u,
because it is defined in terrns of standard reasures and internal ordinals. (H,
A,v) is an internal probability space.

Now, w3 consider Loeb's stand:ndprobability space (It,L(r),p) associatedr+ith
(H,rf ,u) (see Loeb 1975). L(r) is the o-algebra generated by t, and p is the
probability reasure defined on L(^d) and generated by the standard partou of p.

If r+e now define

vs ( f l  : =  ox " ( f )  
,  "  c  [ 0 ,  t ] ,

then

P(vs .< *l = 
# /_"*, 

-y2/2")dy, o c R.

P(Is < a) = P(oXs .< 0)

= P(oxt[n"] < o)

lnsl _' t
= , 

lio 
6tp*fxtp) < a)

In  fac t ,
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[ns] - t

: i  
(xt1a*t-xtn)

=  D  f  K = o  .  - d  
' l- L -  \ F u 7 T E r .

v InsJ;6  t  'n

Becanse the random variables Xtk+j -X7O are independent with rean 0 and variance

1/n, by a non-standard version of central linit theorem (Anderson 1976) one has

that the last eryression equals

H'(*,r)(.ffi (o.)) = ri' r%"i = u(*),
where rl is the distribution fi.nction of the nornal probability law with rpan 0

and variance 1. Thtts, -I" has nornnl distribution N(O,s), with rean 0 and vari-

€rnce a.

It is larown (Anderson '1976) 
that P is an extension of the Wiener rpasure on

c [0 ,  r ]  .
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