
Assignment 1

COMP 3801- Fall 2021

1 Instructions

Each question is worth 12 marks, but the maximum you can get is 100.
The assignment is due in Brighspace by October 1st before 11:59PM. Please write clearly and
answer questions precisely. As a thumb rule, the answer should be limited to ≤ 2 written pages,
with ample spacing between lines and in margins, for each question. Always start a new question
on a new page, starting with Question 1, followed by Question 2, ..., Question n. Please cite all the
references which you have used/consulted as the source of information for each of the questions.
If a question asks you to Prove or Show, please clearly spell out the proof - the technique used -
and show each step of the proof. Don’t expect (partial) marks if the main idea isn’t clear to us.
Most of the questions in this assignment can be answered by referencing the material for the course
COMP 2804. This in essence is the background required for this course.

2 Problems

1. Suppose you have a biased coin C (i.e. Pr(H) 6= Pr(T ) 6= 1
2). von Neumann suggested the

following method to use the biased coin C to simulate an unbiased coin. Strategy is to toss
C twice and note down the outcomes. If the first toss of C results in Head and the second
one to Tail, then we say that the outcome is Head. If the first toss of C results in Tail and
second one to Head then the outcome is Tail. Otherwise (that is both the tosses of C are
either Heads or Tails) we repeat the above process (i.e., we will again toss twice ... ). Show
that the above method simulates an unbiased coin, i.e. probability that we output Head is
same as the probability that we output Tail.

2. As a promotion, the manufacturers of FaceMaskForKids have placed a toy car in each of its
face mask box. You can determine the color of the toy car, only by buying and then opening
facemask box. Each toy car is of a monochromatic color among possible n ≥ 1 colors. Once
you collect cars of all possible colors, then you win a real car. The company officials have
ensured that a box is equally likely to contain a car of any of the possible n-colors. Let X
be the random variable equal to the number of boxes that need to be purchased to obtain at
least one toy car of each of the colors. Let Xj be the random variable equal to the number of
additional boxes that must be purchased after cars of j different colors have been collected
until a car of new color is obtained, for j = 0, 1, 2, . . . , n− 1. Answer the following questions:

(a) Show that X =
∑n−1

j=0 Xj .

(b) Show that after cars of j distinct colors have been obtained, the probability that the
color of the car in the next box that is purchased is new (i.e. different from any of the
j colors) is n−j

n .
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(c) Show that Xj has a geometric distribution with parameter n−j
n .

(d) Show that E(X) = n
∑n

j=1
1
j .

(e) Suppose that n = 100. Use the approximation
∑n

j=1
1
j ≈ lnn + 0.5772 to determine

the expected number of FaceMask boxes that needs to be bought to collect cars of all
different colors.

3. Suppose you want to rent an apartment in Old Ottawa South and you have hired an agent
to show all the possible apartments within your budget over the next weekend. Suppose the
agent wants to show you n apartments and tells you that as soon as you make on offer to any
of them, it will be accepted. As a computer scientist, you compute a random permutation
of the order in which you will like to see these apartments and let the permuted order be
π1, π2, π3, . . . , πn. You tell the agent that on Saturday you will see the first n

e of these, i.e. the
apartments labelled π1, π2, . . . , πn

e
. (We assume that the Euler number e divides n.) After

viewing each of these apartments, you make some mental notes, but at the end of the day
Saturday you tell the agent that you will like to see the remaining ones, in the order of the
permutation πn

e
+1, . . . , πn, on Sunday. The strategy that you have decided to employ on

Sunday is to make an offer to rent the very first apartment that you see which you think
is better than what you have seen so far (including what you saw on Saturday) and then
terminate your visit to any remaining unvisited apartments. On your Sunday’s apartment
hunting venture with the agent, you make an offer for apartment πα. (There is a possibility
that we may not find any better apartment on Sunday and hence may not make any offer - to
keep the arguments simple, if you prefer, you may assume that you make an offer.) Answer
the following questions:

(a) Suppose if you would have seen all the apartments, then your ranking of the apartments
to rent (from highest to lowest), without loss of generality be 1, 2, 3, . . . , n (i.e., 1 is best,
2 is second best, ...., n is the worst). Show that the order you visit the apartments is a
random permutation of {1, 2, . . . , n}.

(b) Suppose the smallest apartment number, i.e. the most preferred, among π1, π2, . . . , πn
e

be x. Show that πα < x.

(c) Show that the probability of making the optimal choice in the above strategy is given

by
n∑

i=n
e
+1

Pr[We see the apartment πi and πi = 1].

(d) Alternatively, show that the probability of making the optimal choice can be expressed
as

n∑
i=n

e
+1

Pr[πi = 1 and minimum of {π1, π2, . . . , πi−1} is in {π1, π2, . . . , πn
e
}]

(e) Show that the probability of making an optimal choice simplifies to
n∑

i=n
e
+1

1
n ×

n
e
i−1

(f) Conclude by showing that the probability that the above strategy selects the best apart-

ment is approximately 1/e = 37%. (Recall that the n-th Harmonic number
n∑
i=1

1
i ≈ lnn.)

4. Let G = (V,E) be a simple undirected graph, where n = |V | and m = |E|. We partition the
set of vertices V into two sets A and B such that V = A ∪ B and A ∩ B = ∅. We decide
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which vertices of G will be in A or B by the following random process: For each vertex v ∈ V ,
independent of any other vertex, we toss a biased coin. If it shows up heads, we place v in A,
otherwise we place it in B. The biased coin has 3/4 probability of heads, and 1/4 probability
of tails. We say an edge e = (uv) of G is a cut edge if either (a) u ∈ A and v ∈ B, or (b)
u ∈ B and v ∈ A. What is the expected number of cut edges in G?

5. You are given a list L of distinct elements and want to choose a random element in this list.
Each element of L should have the same probability of being chosen. Unfortunately, you do
not know the number of elements in L. You are allowed to make only one pass over the list.
Consider the following algorithm:

Algorithm PickRandomElement(L):
u = first element of L;
i = 1;
while u exists
do with probability 1/i, set x = u;

u = successor of u in L;
i = i+ 1

endwhile;
return x

Prove that the output x of this algorithm is indeed a random element of L. In other words,
prove the following: Let v be an arbitrary element of L. Then, the probability that x = v after
PickRandomElement(L) has terminated is equal to 1/n, where n is the number of elements in
L.

6. This question extends previous algorithm. We now want to maintain k > 1 elements rather
than a single element. Assume the list L consists of more than k elements. Here is the
modified algorithm:

Algorithm PickRandom-k-Elements(L):
Let u1, u2, . . . , uk be the first k-elements of L;
Form a set R = {u1, u2, . . . , uk};
i = k + 1;
Let u be the i-th element of L;
while u exists
do with probability k/i, replace a random number in R with u.

u = successor of u in L;
i = i+ 1

endwhile;
return R

For this question it will be helpful to think of elements in the list L are u1, u2, u3, . . ., where
u1 is the first element, u2 is second, . . . Consider the i-th iteration of the While loop, i.e. the
iteration when the i-th element ui in L is considered for the first time, for any i > k. Let x
be any of the elements among the first i elements of L (i.e., x ∈ {u1, u2, . . . , ui}). Prove that
the probability that x ∈ R at the end of this iteration is k/i.
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7. Suppose we have m balls and n bins. The balls are thrown independently and uniformly at
random in the bins. Note that the probability that the k-th ball falls into i-th bin is 1/n,
where 1 ≤ k ≤ m and 1 ≤ i ≤ n. A bin is occupied if it consists of one or more balls, otherwise
it is said to be empty. Answer the following questions:

(a) For a fixed index i, what is the probability that i-th bin is empty.

(b) Give a (non-trivial) upper bound on the probability that at least one bin is empy.

(c) Give a (non-trivial) lower bound on the probability that all bins are non-empty.

8. Recall that a permutation is one-to-one and onto function π : [1, 2, 3 . . . , n] → [1, 2, 3 . . . , n]
such that for every integer i, 1 ≤ i ≤ n, there is exactly one integer j ∈ {1, . . . , n} such
that π(i) = j. For example the permutation [12345] → [23154] represents that elements are
mapped as follows: π[1] = 2, π[2] = 3, π[3] = 1, π[4] = 5, and Π[5] = 4. We can visualize
a permutation as a set of directed cycles as follows. Assume that we have a vertex for each
number, 1 ≤ i ≤ n. If Π[i] = j, we draw a directed arc from vertex i to j. (Notice that a
cycle may be a self-loop if π(i) = i.) In our example permutation we have 2 directed cycles
1 → 2 → 3 → 1 and 4 → 5 → 4, and their lengths are 3 and 2, respectively. What is the
expected number of cycles in a random permutation?
(Hint: Each vertex is in some directed cycle. Show that the probability that a vertex i is in
cycle of length k (1 ≤ k ≤ n) is 1

n , irrespective of the length of the cycle. You may also want
to define a r.v. Xi for each vertex i, where Xi = 1

k , if vertex i participates in the cycle of

length k. Think of the quantity X =
n∑
i=1

Xi.)

9. Here is an example of a tiny Bloom filter. It uses an array of 9 bits and two independent
hash functions f and g. We want to test membership in a set S of three elements, so we
hash each of the three elements using both f and g, and we set to 1 any bit that any of the
three elements is hashed to by either of the hash functions. When a new element x arrives,
we compute f(x) and g(x), and we say x is in the set S if both f(x) and g(x) are 1. Assume
x is not in the set S. What is the probability of a false positive; i.e., the probability of saying
that x is in S.
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