
Assignment 2

COMP 3801- Fall 2021

1 Instructions

Each question is worth 12 marks, but the maximum you can get is 100.
The assignment is due in Brighspace by October 22 before 11:59PM. Please write clearly and
answer questions precisely. As a thumb rule, the answer should be limited to ≤ 2 written pages,
with ample spacing between lines and in margins, for each question. Always start a new question
on a new page, starting with Question 1, followed by Question 2, ..., Question n. Please cite all the
references which you have used/consulted as the source of information for each of the questions.
If a question asks you to Prove or Show, please clearly spell out the proof - the technique used -
and show each step of the proof. Don’t expect (partial) marks if the main idea isn’t clear to us.

2 Problems

1. This problem is based on the Count-Min Sketch data structure. Suppose we want to ensure
that we report all the elements that occur with a frequency of at least 4.5% in a data stream
with probability ≥ 0.90. Try to come up with reasonable values of b and r for the Count-Min
Sketch (CMS) table and justify your choice.

2. This problem is based on the Count-Min Sketch data structure. Consider a stream of IP-
addresses that are being routed through a switch on a given day. Let h1, . . . , hr, be r > 1,
hash functions, where each hash function independently maps any IP-address to one of the
possible b buckets uniformly at random. Assume that you are interested in performing some
statistics on frequencies of IP-addresses on three consecutive days that use the same switch.
Let n1 be the number of packets that used the switch on the first day, and the corresponding
Count-Min-Sketch table be CMS1 of size r × b. Let n2 be the number of packets that used
the switch on the second day and let CMS2 be the corresponding count-min-sketch table of
size r × b. Similarly, let n3 be the number of packets that used the switch on the third day
and let CMS3 be the corresponding count-min-sketch table of size r×b. For these three days,
we use the same set of hash-functions (h1, . . . , hr), though the tables are kept separate. In
the video we analyzed the frequency count for an element x of the stream for a single table.
Now suppose we want to estimate the combined frequency of x for the three days. Note that
the only information we have at the end of these three days are the CMS tables and the total
number of packets on each of the days. Let fx = min{CMS1[1, h1(x)] + CMS2[1, h1(x)] +
CMS3[1, h1(x)], CMS1[2, h2(x)] + CMS2[2, h2(x)] + CMS3[2, h2(x)], . . . , CMS1[r, hr(x)] +
CMS2[r, hr(x)] + CMS3[r, hr(x)]}. How good is this estimate? In other words, estimate
Pr(fx − f∗x > ε(n1 + n2 + n3)), for a constant ε > 0. Justify your answer.

1



3. Let A be a set of n items. Without loss of generality assume that a1, a2, . . . , ak are the most
frequent k elements in A with frequencies f1 ≥ f2 ≥ · · · ≥ fk, respectively. We sample each
element of A uniformly at random (with replacement) to construct a multi-set A′. We are
interested to know how many times we need to sample A so that the most frequent k elements
have a representative in A′ with high probability. In other words, what should be the size of
A′ so that with probability ≥ 1− ε, for ε > 0, so that a1, . . . , ak ∈ A′.
Hint: Let us assume that s = |A′|. Estimate first the probability that if we choose s elements
from A, each uniformly at random with replacement, what is the probability that ak 6∈ A′?
What is an upper bound on the probability that none of a1, a2, . . . , ak are in A′? Show that
by choosing s = O( nfk log k

ε ), with probability ≥ 1− ε, a1, . . . , ak ∈ A′.

4. This problem is based on estimating k-th frequency moment Fk. Let k be a positive integer.
Let A = (a1, . . . , am) be a data stream of m elements, where each ai ∈ N = {1, . . . , n}.
Element a1 is first element of the stream, a2 is the second element, . . ., and am is the last
element. Choose an index p ∈ {1, . . . ,m} uniformly at random. Define r to be the number
of times the element ap occurs in the stream among the elements (ap, ap+1, . . . , am). Define
the random variable X = m(rk − (r − 1)k). Let Fk denote the k-th frequency moment (i.e.,

Fk =
n∑
j=1

mk
j and mj is the number of times j occurs in A).

(a) Show that it is sufficient to maintain O(log n+ logm) bits to compute X.

(b) Let A = (1, 2, 2, 3, 1, 1). Evaluate Fk and E[X].

(c) Show that E[X] = Fk.

5. Find the Eigenvalues and Eigenvectors of matrix A =

[
0.75 0.25
0.25 0.75

]
Show your work. What are (approximately) the Eigenvalues and Eigenvectors of A3 and A99?

6. What will be the Page Rank of the web-graph corresponding to the above matrix A for the
factor α = 1 and α = 0.8, i.e. the teleporting probability is 0 and 0.2, respectively. Justify
your answer. (Recall that the equation we have is K = αQ+ 1−α

n E, where E is a matrix of
all 1s.)

7. Suppose we have a directed graph G = (V,E) on 4 nodes, where V = {a, b, c, d}, and 6
directed edges E = {(a, b), (b, b), (b, c), (c, b), (c, d), (d, d), (d, a), (a, d)}. Estimate the page
ranks of nodes in G.

8. Suppose you have two boxes - one colored red and the other colored blue. The red box
contains two red balls, and similarly, the blue box contains two blue balls. In each step, with
equal probability, you select a box. If the box is not empty, you randomly choose one of the
balls from that box and place that in the other box. You repeat this process till the blue box
contains both the red balls and the red box has both the blue balls. Represent this process
using a Markov chain. What are the states and the transition probabilities in this Markov
chain? Which states are recurrent and which are transient?

9. Assume that we have a star graph S = (V,E) on n + 1 nodes. It consists of one central
node (a resort), say r, and n satellite nodes (say attractions) only connected to the central
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node. Assume that the satellite nodes are labelled 1, 2, . . . , n. Thus V = {r, 1, 2, . . . , n}
and E = {(r, 1), (r, 2), . . . , (r, n)}. Each morning, we wake up at the central node, choose
a satellite node uniformly at random, hike to that node during the day, and return to the
central node by evening. We repeat this process till we visit all the n attractions. Note that
the choice of which attraction to visit on the i-th day is independent of which attractions we
have visited on days 1, . . . , i− 1. Each morning we select the attraction uniformly at random
among the n attractions and may land up visiting the same attraction we have seen before.
Let Xn represent the number of attractions that have been visited by the end of the day n.
(Clearly, X1 = 1, and X2 = 1 or 2 depending on whether we visit the same attraction on Day
2 as that on Day 1 or a new one.) Answer the following questions:

(a) Design a Markov chain where you may consider Xn to be the states for n = 1, 2, . . ..

(b) What are the transition probabilities, i.e., write an expression for Pr(Xn = j|Xn−1 = i),
where i, j ∈ {1, . . . , n}.

(c) Which states are recurrent? What are the periods of various states?

(d) What is the expected number of days required to visit all the attractions?
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