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Frequency Moments



Frequency Moments

Definition
Let A = (a1,a2,...,an) be a stream, where elements are from universe
U=/{1,...,u}. Let m; = # of elements in A that are equal to i. The k-th

frequency moment F;, = 3 m¥, where 0° = 0.
a=1l



u
Example: F}, = > mF
1=1

A:(3727417727273727271747272727171727372) andml :m3:3) m2:101
ma =2, mr=1,ms =mg=0

7
Fo=>m=3"+10"4+3"4+2°4+0°4+0°+1°=5

=1
(# of Distinct Elements in A)

Zm =3+ 10" +3" +2' + 0 + 0 + 11 =19
(# of Elements in A)

7
Fo=>mi=3>+10"+3% 422407+ 0% + 1> = 123
=1l
(Surprise Number)



Streaming Problem

Find frequency moments in a stream
Input: A stream A consisting of n elements from universe U = {1, ..., u}.
Output: Estimate Frequency Moments F}.’s for different values of k.

Our Task: Estimate F, and F5 using sublinear space

Reference: The space complexity of estimating frequency moments by Noga
Alon, Yossi Matias, and Mario Szegedy, Journal of Computer Systems and
Science, 1999.



Estimating F)




Estimating F|

Computation of Fj

Input: Stream A = (a1, as,...,an), Where each a; € U = {1,...,u}.
Output: An estimate F, of number of distinct elements F;, in A such that
Pr (% < % < c) > 1 — 2 for some constant c using sublinear space.
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Algorithm for Estimating Fj

Input: Stream A and a hash function h : U — U

Output: Estimate F}

Step 1: Initialize R :=0
Step 2: For each elements a; € A do:

1. Compute binary representation of h(a;)

2. Let r be the location of the rightmost 1 in the binary
representation

3. ifr>R, R:=r

Step 3: Return Fy = 27

Space Requirements = O(log u) bits
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Observation 1

Let d to be smallest integer such that 2¢ > u (d-bits are sufficient to represent
numbers in U)

Observation 1

Pr(rightmost 1 in h(a,) is at location > r+ 1) = -

Proof: For that to happen the last r bits in ~(a;) must be 0. Since h is a hash
function from universal family of hash functions, this happens with probability
(3)"

O



Observations 2

Observation 2
For a; # a;, Pr(rightmost 1 in h(a;) > r + 1 and rightmost 1 in
hla;) >r+1) = =

Proof: h(a;) and h(a;) are independent as a; # a;.

Pr(rightmost 1 in h(a;) > r + 1 and rightmost 1 in
h(a;) > r+ 1) = Pr(rightmost 1 in h(a;) > r + 1) x Pr(rightmost 1 in
ha) 27 +1) =2 x & =k




Observations 3

Fix r € {1,...,d}. Vz € A, define indicator r.v:

I 1, if the rightmost 1 is at location > r + 1 in h(x)
0, otherwise

Let Z" = > I (sum is over distinct elements of A)

Observation 3
The following holds:

1. E[I}] = &
2. Var[l;] = 2# ( — 2#)
3. E[Z"|=22
4

. Var[Z"| < E[Z"]



Observation 3.1

Observation 3.1
B[I) = &
Proof: E[I;] =1 x Pr(I; =1)+0 x Pr(I; =0) = 5~

Note that Pr(I; = 1) corresponds to
Pr(rightmost 1 in h(x) is at location > r 4+ 1) = 5. by Observation 1.



Observation 3.2

Observation 3.2

Var(lZ] = BII*) - EIL? = 3 (1 - 5)
Proof: Note that the variance of a random variable X is given by
Var[X] = E[(X - E[X])’] = B[X?] - BIX]”.
E[I;’ ] =1°Pr(I; =1) = 5~

Then E[I;*] B[}’ =& — (F)’ =% (1 - 3)



Observation 3.3

Observation 3.3
E[Z"|=1%2

Proof: Let A’ C A be the set of distinct elements of A.
Note that F, = |A’|.
By definition Z" = > I
zEA’
Then, E[Z"|=E[ Y I}]= X E[]= Y %=1

27 20
ze Al zeA’ reA’



Observation 3.4

Observation 3.4
Var[Zz'] =22 (1- L) < £fo = E[Z7]

— 27‘
Proof: Var(Z"] = Var[ > I;]
xe Al
For two independent random variables X and Y,
Var[X +Y] = Var[X] + Var[Y].
Var[Z'|=Var[ Y It]= 3 Var[l;] = Fo (1—- &) < 22 = E[Z]

20 24
zEA’! zEA’



Observation 4

Observation 4
If 27 > cFy, Pr(Z" >0) < %

Proof: Recall Markov’s inequality for a random variable X,
Pr(X >s) < ZX] where s > 0 and X takes positive values.

What is the number of distinct elements = € A, whose hash map h(z) has its
rightmost 1 in position > r 4 1?

=Z'=3Y I

z€e Al

What is Pr(Z" > 0)? < Whatis Pr(Z" > 1).
By Markov’s inequality: Pr(z" > 1) < ZIZ1 — g[z7] = To < 1,



Chebyshev’s Inequality

Chebyshev’s Inequality
Pr(X — E[X]| > a) < XXl

Proof: Recall Markov’s inequality for a random variable X,
Pr(X >s) < 21 where s > 0 and X takes positive values.

Now
Pr(X - EX|2a) = Pr((X-E[X)*2a?
< Bl = B
_ Var[X]



Observation 5

Observation 5
If 2" < Fy, Pr(Z" =0) < %

Proof: Recall Chebyshev’s inequality Pr(|X — E[X]| > a) < Y2 [X],

For a random variable X, Pr(X =0) < Pr(|X — E[X]| > E[X]), as the
event | X — E[X]| > E[X]includes X <0and X > 2E[X].

Now, Pr(Z" = 0) < Pr(|Z" — E[Z"]| > E[Z"]).

Pr(Z"=0) < Pr(Z" - E(Z']| > E[Z'))
Var|Z"]
S EZT
BlZ"]
G

121
E[Z"]  Fy ¢




Observation 6

Claim

Set Fy = 2. We have Pr (1 < o < ¢
c Fo

vV
—
|
0N

Proof We have that
Observation 4: if 2" > cFy, Pr(Z" > 0) <
Observation 5, if 2" < Fy, Pr(Z" =0) <

Ol=a =

When do we produce a wrong answer?
Case 1: Fy = 2™ > cFy, but this happens with Pr(Z" > 0) < 2
Case 2: 2 = c[y < [y, but this happens with Pr(Z% = 0) < 1

Therefore, with probability < % we produce a wrong answer.

= with probability > 1 — % we produce the right answer, i.e.,

Pr(l,<&<c)>1f%
c — Fg — = @



Further Improvements




Improving success probability

Execute the algorithm s times in parallel
(with independent hash functions)
Let R to the median value among these runs

Return Fp = 27

Note: Algorithm uses O(slog u) bits.

Claim
For ¢ > 4, there exists s = O(log 1), e > 0, such that
Pril<fh<o>1-e

c 0

Technique: Median + Chernoff Bounds



Improving success probability (contd.)

i-th Run of the Algorithm:

Step 1: Initialize R; := 0

Step 2: For each elements a; € A do:

1. Compute binary representation of h(a;)
2. Let r be the location of the rightmost 1 in the binary representation
3. ifr>R;,R; :=1

Step 3: Return R;

Let R = Median(R1, Rz, ..., Rs)

20



Indicator Random Variables

Define X1, ..., X, be indicator random variables:

. . R;
0, ifsuccess,ie. 2 <2* <c
X; = c 0
1, otherwise

1. E[Xi]=Pr(X;:=1) < 2 =< 3 (Since ¢ > 4)

2. Let X = >~ X; = Number of failures in s runs
i=1

3. E[X]<sf <%

4. If X < £,then L < %gc
(R = Median(R1, Ra, ..., Rs))

21



Chernoff Bounds

Chernoff Bounds
If r.v. X is sum of independent identical indicator r.v. and 0 < § < 1,

Pr(X > (14 0)B[X]) < e~ 5N

Proof: See my notes

An example: Toss a fair coin n-times. Let X be the total number of heads
obtained in these n-trials. Evaluate Pr(X > 3n)

3 1.n

> — = > i el

Pr(X > 4n) Pr(X >0+ 2)2)
1

= Pr(X > (1+ 5)B[X))

_($?Ex]
e E

_n
e 24

22



Claim
Forany e > 0,if s = O(log 1), Pr(X < ) >1—e¢

Proof: We show that Pr(X > 3) <e.

EX]=s8<3
Pr(X>32) = Pr(X-E[X]2 7 - E[X])
= Pr(X-EIX] 2 ;- sp)
= Pr(X - E[X] > %;Bsﬂ)
= Pr(X - E[X] > %;BE[X])
:—8

23



Proof (contd.)

1
Pr(X > %) = Pr(X> (1+ 2 ﬁﬁ) E[X])
1( 3-8 2
< e_g ° ]
158 2
_*< B )E[X]
We want e <e

Substitute E[X] = s and we have

1_ 2
7%(263) s <Ine

3
& s> /3(%76
= ifs€eO(nl), Pr(X >%)<e

2
B 1
) In =
O

24
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Estimating >

Input: Stream A and hash function h: U — {—1, +1}

Output: Estimate F, of I, = 5 m?
=il

Algorithm (Tug of War)
Step 1: Initialize Y := 0.
Step 2: For each element z € U, evaluate r, = h(z).
Step 3: Foreachelementa; € A, Y :=Y + rq,
Step 4: Return F, = Y2

25



Correctness




Observation 1

Observation 1
E[TZ} =0

Proof: E[r;] = —-1x 1 +1x1=0

26



Observation 2

Observation 2

LetY = > rimy

=1
E[Y?] = 21 mi = Fp
i=

Proof:
E[Y?] = E[_rimi ) rymy
i=1 Jj=1

= E[ir?mf%» Z Tirjmimj]
i=1

,J:i7#]

= ZE[rfm?}+ Z Elrirym;m;]
i=1

ig:i

— ZE[m?]+ > mim; E[ri]Elr;]

i,:i#]

u
2
= E m; = Fs 27
=il



Observation 3

Observation 3

Pr(]Y? — E[Y?]| > V2cE[Y?]) < & for any positive constant c. (l.e., Y
approximates F» = E[Y?] within a constant factor with Pr > 1 — C—Q)

Proof: Recall Chebyshev’s inequality Pr(|X — E[X]| > ) < Y2 X1,
ar 2

Now, Pr (Y% — E[Y?]| > V2cE[Y?)) < %

Var[Y?] = E[Y"] — E[Y?)?

u u u u
FE g rimig ijjg rkmkg rImg

= ZErm7+6 Z E[ririmim3)]

1<i<j<u

= Zml+6 Z mm]

1<i<j<u

E[Y?]

28



Observation 4 contd.

Var[Y?] = E[Y*] - E[Y?]?
“ 2
= Zml+6 Z mm]<2m?>
1<i<j<u =1
1<i<j<u
< 2F;
Var[Y?] _ 2F2 _ 2F2
Now, (V2¢E[Y?2])2 (\/ECE[2Y2])2 - 2(;212'7'22 =
Var[y?
Thus, Pr (|Y2 ElY ]\ > ch[ }) < m = %2

29



Improving Variance




Improving the Variance

Execute the algorithm & times (using independent hash functions) resulting in
Y2, Y2, .. Y2

B k
Output Y? = 1 3 Y7
i=1
Observations:
1. E[Y? = E[Y? = F»

2. Var[Y?] = tVar[Y?]
(Note: Var[cX] = ¢*Var[X))

3. Pr (V2 - E[7?)| > \/%cE[W}) <3
4. Setk = O(Z%), we have
Pr (\172 — E[Y?]| > ecED_fQ]) < %2

30



Complexity




Space Complexity

Algorithm (Tug of War)
Step 1: Initialize Y := 0.
Step 2: For each element z € U, evaluate r, = h(z).
Step 3: Foreachelementa; € A, Y :=Y +rq,
Step 4: Return F, = Y2

Need to store Y and (r1,72,...,7u).
Y requires O(logn) bits.

We needed r;’s to be 2-wise and 4-wise independent hash functions.

4-wise independent functions can be maintained using O(log u) bits.

Total space required is O(logn + log u).

31
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