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1 Introduction

Dimensionality reduction, or dimension reduction, is the transformation of data
from a high-dimensional space into a low-dimensional space so that the low-
dimensional representation retains some meaningful properties of the original
data, ideally close to its intrinsic dimension. Working in high-dimensional spaces
can be undesirable for many reasons; raw data are often sparse as a consequence
of the curse of dimensionality, and analyzing the data is usually computation-
ally intractable. Dimensionality reduction is common in fields that deal with
large numbers of observations and/or large numbers of variables, such as signal
processing, speech recognition, neuroinformatics, and bioinformatics.[1]

2 What is a Metric Space?

In mathematics, a metric space is a set together with a metric on the set.
The metric is a function that defines a concept of distance between any two
members of the set, which are usually called points. The metric satisfies a few
simple properties. Informally:

• The distance from A to B is zero if and only if A and B are the same
point.

• The distance between two distinct points is positive.

• The distance from A to B is the same as the distance from B to A. (sym-
metry)

• The distance from A to B (directly) is less than or equal to the distance
from to via any third point .(triangle inequality)[2]

Also a mathematical version of the above explanation is in the lecture.

3 What is Isometric Embedding?

Let 〈X, d〉 and 〈X ′, d′〉 be two metric spaces. Embedding is a map f : X →
X ′ and isometric embedding is the embedding which preserves the euclidean
distances; it means for all x, y ∈ X, d(x, y) = d′(f(x), f(y))
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3.1 L1, L2 and L∞ norms

• L1 norm is also known as Manhattan Distance or Taxicab norm. L1

Norm is the sum of the magnitudes of the vectors in a space. It is the
most natural way of measure distance between vectors, that is the sum of
absolute difference of the components of the vectors. In this norm, all the
components of the vector are weighted equally. Having, for example, the
vector X = [6,8]; the L1 norm is calculated by ||X||1 = |6|+ |8| = 14

• L2 norm is the most popular norm, also known as the Euclidean norm. It
is the shortest distance to go from one point to another. Using the same
example, the L2 norm is calculated by ||X||2 =

√
(|6|2 + |8|2) = 10

• L∞ norm gives the largest magnitude among each element of a vector.Having
the vector X = [−5, 8, 3], the L-infinity norm is 8.[3]

3.2 Examples of embedding

We are going to embed some points to another space with the hope that dis-
tances between the points are preserved. You can check that all these examples
have the metric properties. For example in K4 and C4: d(a, c) 6 d(a, b)+d(b, c)

3.2.1 Isometric Embedding of K4

Figure 1: A complete graph of k4 and matrix of distances.

The question is can we map these 4 vertices of the graph in R2 so we preserve
the graph distance as the euclidean distance between them?

We know we can put three points in a plane in a way that the distance
between all three are equal(Equilateral triangle), but with a bit of observation
we understand we cannot put the forth one in the plane so that the distance
between all the points are equal.
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What about mapping K4 in R3? Can we map the points in R3 and preserve
the distance between them?

Yes, we can do that. It will be like a triangular pyramid which all of its
edges are equal.

Figure 2: A triangular pyramid which is a mapped instance of k4 into R3.

3.2.2 Isometric Embedding of C4

Can we map a cycle of four points in R2 so the distances are preserved?

Figure 3: A graph of C4 and matrix of distances.

3.2.3 Embedding S4

Can we map the S4 graph which is shown in Figure 4 in R2 so the distances are
preserved? what about R3?
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Figure 4: A graph of S4 and matrix of distances.

3.2.4 Motivating problem

Input: X=Set of n-points in k-dimensional space where n >> 2k

Output: A pair of points that maximize L1-distance.
Naive solution: O(kn2) time

Better algorithm via isometric embedding of Lk
1 → L2k

∞
Consider a point x in kd. (x = (x1, x2, x3, ...)). For example we will consider
our point is X=(2,-3) in two-dimensional space. TheL1 distance is as follows:

||X||1 = |2|+ | − 3|

= Σk
i=1|xi|

= Σk
i=1sgn(x).x = (1,−1).(2, 3) = 2.1 + (−3).(−1) = 5

You can see that we got Manhattan distance which is 5.
Let y be a ±1 of k coordinates.
Observation:

||X||1 = Σk
i=1sgn(x).x > Σk

i=1yi.xi

Claim:
||X||1 = max{x.y|y ∈ {−1, 1}k}

Remember we wanted to map points using f : Lk
1 → L2k

∞ and our point was
(2,-3).
All the possible y vectors are (-1,-1), (-1,1), (1,-1), (1,1).
We want to map our point in four-dimensional space.We can have it by a dot
product between our point and each of y values, so:

f(2,−3) = (1,−5, 5,−1)
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Let’s have another point (1,4) and map it into four-dimensional space:

f(1, 4) = (−5, 3,−3, 5)

We want to know the Manhattan distance between the two points:

L1 = |2− 1|+ | − 3− 4| = 8

Now we want compute the L∞ distance between the two points:

L∞ = max{(1,−5, 5,−1)− (−5, 3,−3, 5)} = max{6, 4, 8, 6} = 8

So we claimed that Lk
1 and L2k

∞ are equal.
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