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In these notes we discuss the online bipartite matching, its examples and primal-dual represen-
tation of the matching problem.

1 Online Bipartite Matching Problem

1.1 Offline algorithms
Offline algorithms are provided with the entire dataset to solve the given problem. A simple exam-
ple of the offline algorithm is the selection sort. This is because the first step of the selection sort
is to find the minimum value in an unsorted array which requires access to the entire data [1].

Figure 1: Selection Sort Process

1.2 Online algorithms
Online algorithms process the input data as and when it arrives in a serial fashion without the
knowledge of the entire dataset. The algorithm must make decisions at each time step. A simple

1



example of an online algorithm is the insertion sort which considers one input element per iteration
and produces a partial solution without considering the future elements [1].

Figure 2: Insertion Sort Process

1.3 Competitive ratio
The ratio of the return value of an Online Algorithm without full knowledge of the dataset in com-
parison to the Offline algorithm with entire known dataset is called as the competitive ratio, c [7]. It
shows the largest value of c ≤ 1, such that value (online algorithm)≥ c ∗ value (offline algorithm),
as the offline algorithm’s result is considered as optimal. The range of c will be [0, 1].

An online algorithm will be called c competitive based on its value (i.e.) it is 1/2 competitive
if the return value of the online algorithm is half the value of the offline algorithm.

1.4 Online Bipartite Matching
A Bipartite Graph G = (V = L ∪ R,E) is a graph in which the vertex set V can be divided into
two disjoint subsets L and R (the left and right sets) with the edge set E of edges (v, w) where
v ∈ L and w ∈ R. A matching M is a subset of E such that at most one edge of M is incident on
each node in V [8].

In the online version of bipartite matching, the set L is known but vertices in R will arrive one at
a time with all its incident edges. The more formal definition of the problem setting can be given as,

All the vertices in the set L are known in advance, but the vertices in R and the edges are pre-
sented over time. At each time instant t ∈ {1, 2, 3, ...}, a new vertex rt ∈ R and all its incident
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Figure 3: An example of matching M in a bipartite graph

edges arrive.

Now the online algorithm needs to decide among all the currently unmatched neighbors of rt
in the set L to which vertex (if any) rt should be matched. The vertex rt remains matched to that
vertex (if any) for the rest of the algorithm (i.e.) there will not be any changes once the matching
is completed for the arriving vertex rt.

Let M∗ be the (offline) maximum matching in G which is a matching with maximum number
of edges. This matching can be found by the offline algorithm with the knowledge of all the ver-
tices in R, upfront. Then the task of the online bipartite matching algorithm is to find the matching
M of largest possible size such that the competitive ratio (|M |/|M∗|) should be closer to 1, (i.e.)
value of M should be as closer to M∗.

1.4.1 Examples of online bipartite matching

Example 1:
Consider a bipartite graph G on 8 vertices, where L = {l1, l2, l3, l4} and R = {r1, r2, r3, r4}.

At the first time step the algorithm is presented with the vertex r1 and the four incident edges
(r1, l1), (r1, l2), (r1, l3) and (r1, l4). The online algorithm can add any of these edges to the match-
ing set, M which is initialized as null (M = ∅). Let us say the algorithm decided to add the edge
(r1, l3) to M . Now, another vertex r2 comes at the next time step with three incident edges (r2, l2),
(r2, l3) and (r2, l4). Now, the online algorithm can add any of these edges to the matching set, M
which already has the edge (r1, l3). Let us say the algorithm decided to add the edge (r2, l4) to the
set M .
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If r3 and r4 comes at following time steps with edges {(r3, l3), (r3, l4)} and {(r4, l4)} respectively,
they will remain unmatched as both l3 and l4 already are matched.

Figure 4: Online Bipartite Matching example 1 (red lines depicting the matching)

The set M now contains {r1l3, r2l4} and the size of |M | = 2. The set M∗ (the matching obtained
if an offline algorithm was used and all the vertices were known at initial time) will have the edges
{r1l1, r2l2, r3l3, r4l4} and the size of |M∗| = 4.

Now the competitive ratio would be,

|M | / |M∗| = 2/4 = 1/2

Example 2:
Consider a bipartite graph G on 4 vertices, where L = {l1, l2} and R = {r1, r2}.

At the first time step the algorithm is presented with the vertex r1 with two incident edges (r1, l1)
and (r1, l2). The online algorithm can add either of these edges to the matching set, M which
is initialized as null (M = ∅). Let us say the algorithm decided to add the edge (r1, l1) to M .
Now, another vertex r2 comes at the next time step with only one incident edges (r2, l1). Since the
algorithm already matched r1 to l1, the vertex r2 will remain unmatched.

Figure 5: Online Bipartite Matching example 2 (red line depicting the matching)
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Now the set M will be {r1l1} and its size is |M | = 1 and M∗ will be {r1l2, r2l1} and its size
|M∗| = 2.

Thus the competitive ratio would be,

|M | / |M∗| = 1/2

Note: It is observed from the example that no deterministic algorithm has a competitive ratio better
than 1/2.

1.5 A basic practical problem in online bipartite matching
Consider the problem of AdWords where the search engines decide which targeted advertisement
to display when a product is being queried by the users. The search engine company earns revenue
from businesses when it displays their ads in response to a relevant search query (if the user clicks
on the ad). Consider the scenario in the table 1,

Manufacturer Products Ad Amount Total Budget
M1 A $1 100
M2 A,B $2 100

Table 1: Total Budget per Manufacturer

From the table 1, we can see that each manufacturer is associated to certain products. They also
have an ad amount to be paid to the search engine company when their advertisement for the re-
spective user queries on products are clicked. A maximum budget to pay to the company is fixed
as well. Consider only one ad can be shown for each user query in this scenario. The search engine
now needs to decide which ad to be displayed to maximize its revenue.

Say, the user queries the search engine for product A and it decides to display manufacturer M2,
then the revenue earned will be $2 which will get deducted from the total budget of manufacturer
M2 [6]. Now, the manufacturer M2 will have the total budget of $98. Later, if product A is
queried and manufacturer M2 advertisement is displayed again, the total budget of the respective
manufacturer will now be $96. The search engine would have earned $4 as of now.

A difficulty in this problem is that the search engine does not know how many queries for each
product will come in the future.

Say, if the search engine has a pre-knowledge of the below query sequence,

1. 50 for B followed by 100 for A.

2. 100 for A followed by 50 for B.
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3. intermix of 100 for A and 50 for B.

4. intermix of ‘?′ for A and ‘?′ for B.

For the sequence 1, 2, 3 – it is easy to see that the strategy of search engine would be to display
manufacturer M1 for product A and manufacturer M2 for product B. By doing so, it will get its
maximum revenue, $200 after exhausting the total budget of both of manufacturers. But for the
sequence 4, what should be the strategy for the search engine to display the advertisement?. This
basic problem is an application of bipartite matching and will be discussed in future lectures.

2 Online bipartite matching using Primal-Dual Linear Programs

2.1 Greedy Algorithm for bipartite matching
The greedy algorithm for online bipartite graph matching is formally defined as,

At time step t:

Match rt to any of the unmatched neighbors in the set L.

The algorithm will match rt with any of its unmatched neighbors in the set L (if any) when it
arrives at time step t. It will be shown in future lectures that the competitive ratio of this algorithm
will be at least 1/2 [4]. Linear and dual linear programs are used in analysing the greedy algorithm.

Note: For solving matching problems, linear programs are used only for analysis purpose and
we will never execute them.

2.2 Linear Programs and Dual Linear Programs for bipartite matching

2.2.1 Linear Programming (LP)

Linear programming (LP) is a method to achieve the best outcome (such as maximum profit or
lowest cost) in a mathematical model whose requirements are represented by linear relationships.
The constraints may be equalities or inequalities.

2.2.1.1 Primal LP in bipartite matching

To understand linear programs in the matching scenario, let us consider a bipartite graph G on 4
vertices, where L = {l1, l2} and R = {r1, r2}. Where r1 has incident edges r1l1, r1l2 and r2 has
the incident edge r2l2.

If we assign variables to the edges, the bipartite graph will look like in figure 6,
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Figure 6: A Bipartite graph example with variables assigned to each edge

Our objective for bipartite matching is to maximize the number of the edges in the matching, M
provided no two edges in the matching share a vertex. This objective can be written as,

To maximize→ x1 + x2 + x3

Note: Let us assume the edge variables can take integer values. So, if x1 is 1 then the edge r1l1 is
in matching and if x3 is 1 then the edge r2l2 is in matching. But, the edge variables can take both
integer and fractional values.

The conditions to achieve this objective function with respect to each vertex can be written as,

l1 : x1 ≤ 1

l2 : x2 + x3 ≤ 1

r1 : x1 + x2 ≤ 1

r2 : x3 ≤ 1

where (x1, x2 and x3 ≥ 0) which is a non-negativity constraint.

These are formed based on the graph at hand and the constraint that no two edges will share a
vertex.

Note: For instance, in the condition l2 above, either x2 or x3 can be 1 but not both, if the edge
variables are considered as integers.

The above setup is an example of a linear program with an objective function, few conditions
with respect to the objective function and some non-negativity constraint. This is because, for the
variables x1, x2 and x3, the equations derived are linear in terms of x1, x2 and x3.

Feasible solutions for this example LP:
Here, if we assign x1 = x3 = 1;x2 = 0, the objective function value will be 2 and it is a optimal
solution for mentioned linear program. Few of the feasible solutions are given in the table 2. It
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Feasible Solution Objective function value Conditions met?
x1 = x2 = x3 = 0 0 Yes
x1 = x2 = x3 = 1/2 1.5 Yes

x1 = x3 = 3/4;x2 = 1/4 1.75 Yes
x1 = x3 = 1;x2 = 0 2 Yes

Table 2: Feasible Solutions for the Example discussed in section 2.2.1.1

is proven that an optimal solution to the linear program in a matching scenario will always be in-
tegral solution. But finding the integral solution to a linear program is a NP hard problem. If we
can relax the conditions that the variables can have real numbers instead of integers, then there are
algorithms to solve the linear programs in polynomial time [3].

Note: Most of the linear programs are usually solved using a simplex method which runs in expo-
nential time in worst case. But it is very efficient in practice

2.2.1.2 Conversion of non-integral solution into integral in LP matching

In matching problems, even if we get the solutions in non-integral form, it can be converted into
an integral form [5].

To illustrate, consider a bipartite graph G on 4 vertices, where L = {l1, l2} and R = {r1, r2}.
Where the r1 has incident edges {r1l1, r1l2} and r2 has the incident edge {r2l1, r2l2}.

Figure 7: A Bipartite graph with 4 vertices and 4 edges

The linear program for this example can be written as below:

The objective function would be,

To maximize→ x1 + x2 + x3 + x4
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The conditions to achieve this objective function can be written as,

l1 : x1 + x4 ≤ 1

l2 : x2 + x3 ≤ 1

r1 : x1 + x2 ≤ 1

r2 : x3 + x4 ≤ 1

where (x1, x2, x3 and x4 ≥ 0) which is a non-negativity constraint.

Few of the optimal solutions for this linear program are,

x1 = x3 = 1; x2 = x4 = 0

x1 = x3 = 0; x2 = x4 = 1

x1 = x2 = x3 = x3 = 1/2

x1 = x3 = 3/4; x2 = x4 = 1/2

All these solutions satisfy the conditions of the given linear program and maximizes the objective
function. Now, select the solution x1 = x3 = 3/4;x2 = x4 = 1/2. The bipartite graph for this
solution will look like in figure 8,

Figure 8: An optimal Bipartite matching using LP

As this is an optimal solution where sum of all the edge values at a vertex should be 1 (i.e.) if
an edge takes a fractional value, then it will have its neighbouring edge to take fractional value as
well. For instance, consider the vertex l1 where it has an edge 3/4 from r1 and so, the remaining
1/4 (1 − (3/4)) will go out of it to r2. This process follows for the vertices r2, l2 and r1 till it
comes back to l1 and thus forming a cycle. Likewise, there will be cycles in a fractional optimal
matching solution.

To convert a fractional solution into integral one, we need to trace the cycle starting with mini-
mum value edge and alternatively subtract and add the minimum value to the respective edges. In
our example, we have 2 minimum value edges with 1/4 in the cycle formed. Let us take one of
them say the outward edge from r2 to l1.
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Substrate the minimum value 1/4 from this edge which results in 0(1/4–1/4). Then add the
minimum value to the neighboring edge from l1 to r1 which results in 1(3/4 + 1/4). This process
is done repeatedly till the cycle is exhausted. This will result in the graph in figure 9,

Figure 9: An optimal matching after converting fractional solution to integral values

Because of this process, the number of edges in fractional solution will get decreased as we are
performing minimum value subtractions which makes at-least one edge’s value to 0. In our exam-
ple, 4 edges were reduced into 2 edges due to this conversion.

Note: In a bipartite graph, we will always get an even cycle.

2.2.1.3 Formal definition of primal LP for bipartite matching

For each edge e ∈ E, let xe to be a non-negative variable taking a real value and N(v) refers to all
the edges incident to the vertex v ∈ L ∪R.

Consider the following in a matrix-vector notation,

c =


1
1
...
1

 is a vector of a length |E|

b =


1
1
...
1

 is a vector of a length |V |

x =


x1
x2
...
x|E|

 is the vector of the variables corresponding to the edges
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The objective function of the LP in matrix-vector form can be written as

To maximize→ cTx

And the conditions of LP can be written in the matrix-vector form as below,

Ax ≤ b

where A is a |V | × |E| matrix and its ij − th entry is 1 if the edge corresponding to the column j
is incident on the vertex corresponding to the row i, otherwise 0. And, all the x will be ≥ 0.

For instance, consider the figure 10,

Figure 10: A Bipartite graph example with variables assigned to each edge

The neighbor set N(r1) for r1 would be l1 and l2 and the matrix A would be,

x1 x2 x3


1 0 0 l1
0 1 1 l2
1 1 0 r1
0 0 1 r2

where (x1, x2 and x3 ≥ 0) which is a non-negativity constraint.

Now, the Formal definition of LP for bipartite matching using the matrix-vector notation can be
written as

Objective function:

max
∑

e∈E xe max cTx

The size of the maximum matching is the optimal value of the objective function of the LP.
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Conditions:

For all v ∈ L ∪R :
∑

e∈N(v) xe ≤ 1 Ax ≤ b

For all e ∈ E : xe ≥ 0 x ≥ 0

The first condition is to ensure that sum of all the edges incident to a vertex should be at most 1
and the second condition is to ensure all the edge variables has value greater than or equal to 0 [6].

The optimal value of the Primal LP is the size of the maximum matching |M∗| in G and the edges
taking the value xe = 1 constitute M∗.

2.2.2 Primal-Dual LP formulation for bipartite matching

Consider the following simple LP (not a graph matching problem):

Objective function:

max x1 + x2

Conditions:

x1 + 2x2 ≤ 4

2x1 + x2 ≤ 6

Non-negativity constraints::

x1, x2 ≥ 0

Let us try to find an upper bound to the objective function value. Since x1 ≥ 0 and x2 ≥ 0: we have,

Observation 1: Value of objective function from 2nd constraint

x1 + x2 ≤ 2x1 + x2 ≤ 6

where both x1 and x2 has positive values greater than 0. From this observation we can see that
the maximum value, for the objective function x1 + x2 can at most be 6. If we take the sharper
constraint 1 instead of constraint 2, then we get

Observation 2: Value of objective function from 1st constraint

x1 + x2 ≤ x1 + 2x2 ≤ 4

From this observation we can see that the maximum value, x1 + x2 is changed to at most be 4.
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Instead of just taking the individual constraints, we can take the linear combinations of them.
If we take 1/2 times constraint one and 1/4 times constraint two, then we get,

Observation 3: Value of objective function for this linear combination

x1 + x2 ≤ 1/2(x1 + 2x2) + 1/4(2x1 + x2) ≤ (1/2 ∗ 4) + (1/4 ∗ 6) = 7/2

7/2 = 3.5 is the new upper bound of this LP that is obtained by substituting the observations 1 and
2 in observation 3.

Now, can we find better fractions than 1/2 and 1/4 used here? Let us generalise the linear combi-
nation constraints to understand if we can.

If we take α times the first constraint and β times the second constraint and add them,

α(x1 + 2x2 ≤ 4) + β(2x1 + x2 ≤ 6)→ (αx1 + 2αx2 ≤ 4α) + (2βx1 + βx2 ≤ 6β)

→ (α + 2β)x1 + (2α + β)x2 ≤ 4α + 6β

Now as we wanted our example’s objective function to be upper bounded by the above linear
combination, we can write as

x1 + x2 ≤ (α + 2β)x1 + (2α + β)x2 ≤ 4α + 6β

To satisfy the above inequality, we can have the below conditions given α and β are positive,

α + 2β ≥ 1

2α + β ≥ 1

When we try to get better fractions for a linear program, we have ended up with another linear
program with the below conditions,

Objective function:

min 4α + 6β

Conditions:

α + 2β ≥ 1

2α + β ≥ 1

Non-negativity constraints:

α, β ≥ 0

For the maximization problem, this equivalent minimization LP problem with new conditions and
non-negativity constraints is called the dual linear program.
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Primal LP Dual LP
Objective value max x1 + x2 min 4α + 6β

Constraints x1 + 2x2 ≤ 4 α + 2β ≥ 1
2x1 + x2 ≤ 6 2α + β ≥ 1
x1, x2 ≥ 0 α, β ≥ 0

Table 3: Primal Dual LP inequalities for the example in section 2.2.2

Let us look at both the primal LP and Dual LP of the example side by side now in table 3

If we set α = β = 1/3, it satisfies the constraints of dual LP and results in an upper bound of 10/3
which is little better than 7/2 obtained using observation 3. We can also see that x1 = 8/3 and
x2 = 2/3 satisfies the constraints of the primal LP and results in the objective value of 10/3. Thus,
the upper bound using the linear combination that we obtained is the optimal value. Moreover,
finding the right upper bound can also be written as a dual LP.

2.2.2.1 Formal definition of dual LP for bipartite matching

We know that the matrix-vector representation of the Primary LP is max cTx subject to Ax ≤
b, x ≥ 0. Its Dual LP can be expressed as

min bTy, subject toATy ≥ c, y ≥ 0

here the 1st constraint of the primal are multiplied by the 1st coordinate of the vector y and the 2nd

constraint of the primal are multiplied by the 2nd coordinate of the vector y and so on.

The observations from the primal and dual LP are,

1. For each variable in the Primal we have a constraint in the Dual.

2. For each constraint in the Primal we have a variable in the Dual.

3. Maximization becomes a Minimization problem.

Note: in the example from section 2.2.2, table 3,

1. the vector y =
[
α
β

]
2. α + 2β ≥ 1 is the constraint we obtained for x1 and 2α + β ≥ 1 is the constraint obtained

for x2.

3. For the constraint x1 + 2x2 ≤ 4 in primal we have the variable α and for constraint 2x1 +
x2 ≤ 6 we have the variable β.
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Weak Duality Theorem:
If x and y are feasible solutions to the Primal and Dual LPs, then

cTx ≤ (ATy)Tx = yT (Ax) ≤ yT b = bTy

→ bTy ≥ cTx

where cTx is the objective function of the primal and bTy is the objective function of the dual. It
says that any solution to the dual LP will be the upper bound of the primal LP [2].

Strong Duality Theorem:
If x and y are optimal values for the Primal and Dual LPs, then the below is the strong duality
condition [2].

cTx = bTy

Let us consider the bipartite graph figure 11 to construct primal and dual LP,

Figure 11: A Bipartite graph to construct primal-dual LP

Here if each constraint is represented by a variable of the vector p (same as the vector y) in dual,

Primal LP Dual LP
to maximize x1 + x2 + x3 to minimise p1 + p2 + p3 + p4

l1 : x1 ≤ 1 x1 : p1 + p2 ≥ 1
l2 : x2 + x3 ≤ 1 x2 : p2 + p3 ≥ 1
r1 : x1 + x2 ≤ 1 x3 : p2 + p4 ≥ 1
r2 : x3 ≤ 1 p1, p2, p3, p4
x1, x2, x3 ≥ 0

Table 4: Dual LP formation from the primal LP of the example in figure 11
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Note: primal LP constraints are with respect to the vertices while dual LP constraints are with
respect to edges.

Few feasible solutions for the above dual LP with all the conditions satisfied,

1. p1 = p2 = p3 = p4 = 1→ the optimal solution here is 4 which will be the upper bound of
primal objective function, x1 + x2 + x3.

2. p1 = p2 = p3 = p4 = 1/2→ the optimal solution here is 2 which will be the upper bound
of primal objective function, x1 + x2 + x3.

Now, the Formal definition of dual LP for bipartite matching using the matrix-vector notation
can be written as

For Dual LP: Introduce |V | variables corresponding to each vertex constraint of the primal. We
label them p1, ..., p|V | and let p = (p1, ..., p|V |)

T

Objective function:

min
∑

v∈V pv min bTp

The size of the maximum matching is the optimal value of the objective function of the LP..

Conditions:

For all edges e = (v, w) ∈ E : pv + pw ≥ 1 ATp ≥ c

pv ≥ 0,For all v ∈ V p ≥ 0

Here both pv and pw cannot be 1 and 0 at the same time.

3 Exercise
1. Which of the following is a bipartite graph?

2. Show that a graph is bipartite if and only if it does not have an odd cycle.

3. Find the matching for the solution to exercise 1.
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4. Is online matching feasible for graphs other than bipartite graphs? Provide an explanation.

5. Formally prove that no deterministic algorithm for the online bipartite matching can have
the competitive ratio greater than 1/2.

6. Define what is vertex cover. Prove that in any bipartite graph, the number of edges in a
maximum matching equals the number of vertices in a minimum vertex cover.

7. Solve the below linear program and write its respective dual linear program.

max x1 + x2

Subject to

x1 + 2x2 ≤ 10

2x1 + x2 ≤ 16

−x1 + x2 ≤ 3

x1, x2 ≥ 0

8. Solve the below linear program and write its respective dual linear program.

max 5x1 + 4x2

Subject to

x1 + 2x2 ≤ 120

x1 + x2 ≤ 70

2x1 + x2 ≤ 100

x1, x2 ≥ 0

9. Solve the below linear program and write its respective dual linear program.

min 2p1 + 6p2

Subject to

2p1 + 4p2 ≥ 7

p1 + p2 ≥ 2

−p1 + p2 ≥ 1

p1, p2 ≥ 0
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10. Solve the below linear program and write its respective dual linear program

min 60x1 + 80x2

Subject to

3x1 + 4x2 ≥ 8

5x1 + 2x2 ≥ 11

x1, x2 ≥ 0

11. Write the Primal and Dual LP in the exercise 7, 8, 9, 10 in the standard (matrix-vector) form.

12. Is it possible to always find a dual linear program corresponding to a primal linear program?
Explain your answer.

13. Given an undirected connected unweighted graph G = (V,E), with two specified vertices
s and t, where s, t ∈ V . Write a linear program which computes the length of the shortest
path (i.e. with respect to the number of segments in the path) between s and t. Give some
reasoning why your Linear Program finds the shortest distance. Also estimate how many
constraints you need?

14. What is the simplex method in solving linear program? Explain with an example.

15. We know that the primal and dual linear program (LP) from section 2.2.2, table 3 as below,

Primal LP Dual LP
Objective value max x1 + x2 min 4α + 6β

Constraints x1 + 2x2 ≤ 4 α + 2β ≥ 1
2x1 + x2 ≤ 6 2α + β ≥ 1
x1, x2 ≥ 0 α, β ≥ 0

Through this example, prove that dual of dual LP is a primal LP.

Acknowledgements: Style file borrowed from CMU
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