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1 Introduction

Random sampling is one of the techniques of collecting data from a total population. Under
random sampling, each member of the subset has an equal opportunity of being chosen in
the sampling process. However, there is always a possibility that the sample group does not
represent the population, in that case, any random variation is termed as a sampling error
[1].

2 Background

Given a set S of n distinct numbers in which the elements of S are x1 < x2 < ... < xn

(elements are not given in sorted order). Let R = {y1 < y2 < ... < yR} ✓ S where R is a
random sample of the set S. Now, if we think of the set (S/R), the set S get partitioned
into open intervals as shown in Figure 1.
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Figure 1: Partitioned Set S

Where R = {x4, x10, x25, x30} and S is partitioned into 5 open intervals S1, S2, S3, S4, S5

where

S1 = {x 2 S : x < y1},
Si = {x 2 S : yi < x < y(i+1)}, i = 1, 2, ..., |R|� 1

Since we are using y notation to represent R elements, then R = {y1, y2, y3, y4} where
{y1 = x4, y2 = x10, y3 = x25, y4 = x30}. The objective is to find a good partition.

3 r-Sampling Algorithm

r-sampling algorithm is one of the simplest algorithms to perform random sampling. In this
algorithm, we choose a fixed integer r where 1 < r < n, and for each element x from the set
S we use the probability p = r/n to choose elements of the set R. Next, we sort elements
of R and find the open intervals of S. Now, for the sampling in r-sampling algorithm to be
good, it must meet two conditions:

1. 1  |R|  2r, and

2. For each i with 0  i  |R|, the open interval Si contains at most (2n ln r)/r elements
of S

The first condition is necessary to ensure that the sampled set is not too small nor too
large. The second condition is to ensure that partitions are not too large (i.e. no interval has
too many elements). The objective now is to check if r-sampling is good when we execute
this algorithm, let us first check the following problems:
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3.1 Problem 1

Compute the expected value of the set R,E[|R|]: We first set up n-random variable
of X1, X2, ..., Xn where

Xi = 1; xi 2 R

= 0; otherwise
(1)

which means the probability of the r.v Xi is 1 equals the probability of xi is chosen to be in
R, Pr[Xi = 1] = p = r/n, now we define r.v X =

Pn
i=1 Xi then we take expectation of X,

E[X] = E[
nX

i=1

Xi] =
nX

i=1

E[xi] = n⇥ E[x1] (2)

using the linearity property of expectations:

E[x1] = 1⇥ p+ 0⇥ (1� p) = p = r/n (3)

then,

E[X] = r (4)

3.2 Problem 2

Compute the probability of set R is empty, Pr(R = �): When R is empty, each
element of S is not chosen to be in R. the probability of each element NOT to be chosen is
(1� p)

Pr(R = �) = (1� p)n  e
�pn = e

�r (5)

3.3 Problem 3

Compute the probability of |R| � 2r,Pr(|R| > 2r) :

let’s use Cherno↵ bound to show the probability of X when deviating from E|X| in which:

Bound1: Pr(X � (1 + ✏)E[X]  exp(�✏
2E[x]

3
)), (6)
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Bound2: Pr(X � (1� ✏)E[X]  exp(�✏
2E[x]

2
)), (7)

now we choose ✏ = 1 to get 2r, then Pr(|R| > 2r)  e
�r/3

3.4 Problem 4

We have a set S in sorted order and we want to partition this set into buckets of size n/k

subsets, each containing k elements as shown in Figure 2.

Figure 2: Set S partitioned into n/k subsets

if B1 \R 6= �, B2 \R 6= �, ..., and B(n/k) \R 6= �, then each bucket is non-empty and each
open interval contains 2k elements at most since the size of each bucket is k.

3.5 Problem 5 and 6

In this problem we need to prove that Pr(each element is non empty) � 1� n
k (1� p)k

To solve this we first need to compute Pr(some bucket is empty) and then we compute
the probability of the complementary event.

Pr(some bucket is empty)  Pr (1st bucket is empty)

+ Pr (2nd bucket is empty)

+ ...

+ Pr (n/k bucket is empty)

= n/k

(8)

Pr (1st bucket is empty) =
n

k
(1� p)k (9)

By considering the complementary event and using the property Pr = 1� (Pr)c then we
can prove that:
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Pr (each element is non empty) � 1� n

k
(1� p)k (10)

3.6 Problem 7

In this problem, given that the bucket size k = (n ln r)/r, we want to proof that:

Pr (at least one open interval contains more than(2n ln r)/r elements of S) � 1

ln r
(11)

this implies that at least one bucket is empty (Problem 4), but we know that:

Pr(a bucket is empty)  n

k
(1� p)k (12)

Pr(a bucket is empty)  n

n ln r
r

e
�pk (13)

Pr(a bucket is empty)  r

ln r
e
� ln r =

1

ln r
(14)

3.7 Problem 8

To check if r-sampling is good we need to show that Pr(The sample R is bad)  e
�r+e

�r/3+
1

ln r , where the term e
�r capture the fact that |R| = 0, the term e

( � r/3) captures the fact
that |R| > 2r, and the term 1/ ln r captures the fact that an open interval has too many
elements (> (2nlnr)/r).

Pr(The sample R is good) � 1� (e�r + e
�r/3 +

1

ln r
) (15)

3.8 Problem 9

Finally, in this problem we want to proof that if r is chosen su�ciently large, then Pr(The
sample R is good )� 1/2 , this can be done by substituting the value of r in the following
formula: Pr (The sample R is good ) �1- (e�r + e

�r/3 + 1
ln r ), for example, for r = 10 ! Pr

(The sample R is good ) = 0.52
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4 BSP Computation

A Bulk-Synchronous Parallel (BSP) Computer consists of

1. Components capable of processing and/or local memory transactions,

2. a network that routes messages between pairs of such components, and

3. a hardware facility that allows for the synchronisation of all or a subset of components

Bulk Synchronous Parallel Model (the BSP model for short), in which a computation involves
a number of super-steps, each having several parallel computational threads that synchronize
at the end of the super-step [2].

BSP computation proceeds in a series of global super-steps, which consists of three com-
ponents:

• Concurrent computation: every participating processor may perform local computa-
tions,

• Communication: The processes exchange data between themselves to facilitate remote
data storage capabilities, and

• Barrier synchronisation: When a process reaches this point (the barrier), it waits until
all other processes have reached the same barrier

Now in a super-step, each component

• First receives messages,

• Performs local computation, and

• Prepares messages for transmission for the next super-step.

Each component sends and receives at most h-messages, and this is called h-relations. Now
let us see how sorting is performed in BSP. Sorting is done in super-steps as follows:

1. Choose elements with uniform probability of r/n

2. Routes each sample to all processors

3. Let R = R1 [R2R3. . . Rn Each processor sorts items in R and partition it set Si

4. Run the random sampling Processes or something of the sort (See link below for more
information)

5. Each processor Pi routes the partitions

6. Each processor sorts its own items

Note that the number of super-steps is usually constant. The h-relation is If np, h =
O(n/p log p) su�ces. Finally, h is n/p, this is should be used when at least n > p

2 [3].
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5 Median Finding

Median-finding algorithms (also called linear-time selection algorithms) use a divide and
conquer strategy to e�ciently compute the ith smallest number in an unsorted list of size n,
where i is an integer between 1 and n [4].

Pruning: use an ine�cient algorithm on a small random sample of the input and use that
solution to reduce the size of the problem.

1. Obtain a random sampling R of instance I of the problem

2. Use an ine�cient algorithm to solve R

3. Use the solution of R to discard irrelevant parts of I and obtain the reduced problem
I

0

4. Use ine�cient algorithm to solve I
0

For Random Sampling:

• Input: n distinct values

• Output: median element of I

• Standard Methods: Sort and report the n/2-th element O(n log n) or use the selection
algorithm O(n).

Using the Pruning technique:

1. Choose a random sample of n3/4 elements of I uniformly at random to form the random
sample R. So, p = n

3/4
/n

2. Sort R O(n3/4 log n3/4) ! O(n) if log n < n
1/4 Look at the consecutive elements of R,

on average there are approx. n1/4 elements of I between two consecutive elements

3. Let l(r) be elements of rank |R|/2�
p
n (resp.|R|/2 +

p
n) in R - Between l and r we

have 2
p
n

4. Let I
0 ✓ I be all elements of I between l and r which is ⇠ 2n3/4

5. Let n1 be the number of elements of I that are < l Thus, E|(|I 0 |)| = O(n(3/4)) and sort
I

0 2 O(n) time

6. Sort I
0
which should now be smaller and have prune the none required elements, make the

sorting quicker, this ensures a run time of O(n)

7. Return the element of rank n/2�n1 of I
0
as the median element. Use the Cherno↵ Bounds to

proove that the median is betweenl and r. So, it fails if it is not in I
0
, it fails if r < median < I
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