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1 Abstract

For any constant d and parameter epsilon > 0, we show the existence of (roughly)
1/epsilond orderings on the unit cube [0, 1)d, such that any two points p, q in
[0, 1)d that are close together under the Euclidean metric are ”close together” in
one of these linear orderings in the following sense: the only points that could
lie between p and q in the ordering are points with Euclidean distance at most
epsilon|p − q| from p or q. These orderings are extensions of the Z-order, and
they can be efficiently computed. Functionally, the orderings can be thought of
as a replacement to quadtrees and related structures (like well-separated pair de-
compositions). We use such orderings to obtain surprisingly simple algorithms
for a number of basic problems in low-dimensional computational geometry,
including approximate bichromatic nearest neighbor.[1]

2 Background

Firstly, we will review some topics and then we will define the main theorem.

2.1 Quadtree definition

A quadtree is a tree data structure in which each internal node has exactly
four children. Quadtrees are trees used to efficiently store data of points on a
two-dimensional space. We can construct a quadtree from a two-dimensional
area using the following steps (Figure 1):

1-Divide the current two dimensional space into four boxes.
2-If a box contains one or more points in it, create a child object, storing in

it the two dimensional space of the box.
3-If a box does not contain any points, do not create a child for it.
4-Recurse for each of the children.[2]

2.2 DFS traversal of a Quadtree of a point set

As quad trees are not binary trees we use Z-ordering to traverse children of quad
trees. Z-ordering is a technique that allows you to map multidimensional data to
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Figure 1: The way quadtrees are shown in a two-dimensional space. each node
will be represented by a square.

a single dimension. Z-ordering is shown in the Figure 2. Each two dimensional
region will be denoted by a node in the tree. That 1-dimensional structure that

Figure 2: The order of traversing and mapping nodes from the quadtree to the
two-dimensional space is shown. At the bottom there is the linear order which
is consecutive in order of traversing.

we obtain from traversal is consecutive; it means that a particular cell points in
the point set are in a particular cell of the one-dimensional structure.
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2.3 Approximate nearest-neighbor from linear order

Let q be nearest neighbor of p. There is at least one order such that p and q
happened to be at a cell whose diameter is proportional to the distance between
p and q.

Figure 3: Approximate nearest neighbor from linear order

To prove this, we will use Chan’s ANN algorithm.

• Assume all points in P ⊂ [0, 1)d.

• Construct D = 2dd/2e+ 1 copies of P.

• For i = 0, 1, ..., D, define shifted point sets. Pi = {Pj + (i/D + 1, i/D +
1, . . . , i/D + 1)|∀pj ∈ P}

Let quad trees of P0, P1, P2, . . . , PD be T0, T1, T2, . . . , TD. Here is Chan’s
ANN algorithm steps:

1. construct linear order (DFS) for each of quad trees T0, T1, T2, . . . , TD.

2. For each point P, find its neighbor in each of linear orders that minimizes
the distance.

3. Let q be the neighbor of P with the minimum distance.

4. Report q as the ANN of P.
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2.4 ∈-Quad tree

For a constant ∈> 0, recursively partition a cube [0, 1)d evenly into 1/ ∈d sub-
cubes. Remember that each node in standard quad trees has 4 children so in
this case if ∈= 1/2 we will have a standard quad tree.

2.4.1 Partitioning a quad tree T into log1/ ∈ ∈-quadtrees

Example. Let ∈= 2−3. T = TB
∈ ∪ TR

∈ ∪ TU
∈

Figure 4: T is a standard quadtree which is partitioned to three ∈-quadtrees.
Each triangle represents an ∈-quadtree.In tree T every ∈ level has same color
and defines an ∈-quad tree.

2.5 Walecki Theorem

For n elements {0,1,2,..,n-1}, there is a set of dn/2e permutations of the elements,
such that, for all i, j ∈ {1, 2, . . . , n− 1}, there is a permutation in which i and j
are adjacent.

Example. Let ∈= 2−2. Any two cells are neighbors in at least one of the 8
permutations as shown in the Figure 5.

The proof of this theorem is by partitioning graphs by Hamiltonian Paths
that can be seen in lecture.
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Figure 5: For any pair of the cells there is at least one linear ordering which
they are neighbors.In this case we have 16 cells and we just need the following
8 orders to have all cells being neighbor.

3 Main Theorem

Consider a unit cube[0, 1)d. For ∈> 0, there is a family of O(1/ ∈d log1/ ∈)
orderings of [0, 1)d such that for any p, q ∈ [0, 1)d, there is an ordering in the
family where all the points between p and q are within a distance of at most
∈ ||p− q|| from p or q.

Figure 6: There is an ordering where all the points between p and q are very
close to p or q. Consider ”close” as a ball with radius of ∈ around p and q.

To prove the main theorem we will take some steps. Let the quadtree Ti ∈
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T0, T1, . . . , TD has a cell containing p and q with diameter ≈ ||p− q||.(Figure 7)
We have points p and q. We know due to Walceki theorem there is a linear

ordering which p and q are neighbors in it. In that particular ordering, all the
points in two dimensional cell which p is in it (yellow cell), will sit in the linear
order cell that p is in (blue cell) and also for q (gray cell). We wanted to show
given a pair of points p and q there is one particular linear order in which all
the points between p and q are in the small ball around p or small ball around
q. Also in DFS traversal we saw the linear order is consecutive so the middle
points between p and q, are the points which are coming from cells that contain
p (yellow cell) and contain q.

Figure 7: There is a linear ordering which p and q are neighbors. It is shown
that all the points in yellow cell now will sit in blue cell with p and the same
way for q.

4 Applications of the theorem

Consider problems where you need to consider pairwise between points such as:

• Closest pair

• Nearest neighbor of each point

• Minimum spanning trees

• Sparse Spanners
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• ...

One of the interesting applications of the theorem is finding approximate bichro-
matic nearest neighbor which is fully explained in the lecture.

5 Exercise

• Given a set P of n points in Rd, the Euclidean minimum spanning tree
(EMST) of P is the minimum spanning tree of the complete graph on P
where the weight of each edge is the Euclidean distance between its two
points. This is a fundamental mathematical structure, which has numer-
ous applications. The problem of computing EMSTs has been extensively
studied.Find an algorithm using quadtrees which given n a set of n points
in Rd computes an ∈-approximate EMST in time :

O(nlogn + (∈−2 log21/ ∈)n)
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