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Graph Construction



Graph Construction



Coordinates of Sampled Points from a 3D Object

Node x y z

A -1.5 2 4

B -1 1 2

C 0 0 5

D 2 2 3

E 1 0.5 1



k Nearest Neighbour Graph (kNN Graph)



Pairwise Euclidean Distances

A B C D E

A 0.0 2.4 1.8 3.7 3.7

B 2.4 0.0 3.3 3.6 2.4

C 1.8 3.3 0.0 2.8 4.2

D 3.7 3.6 2.8 0.0 2.7

E 3.7 2.4 4.2 2.7 0.0



Pairwise Euclidean Distance Matrix (Heatmap)

A B C D E

A 0.0 2.4 1.8 3.7 3.7

B 2.4 0.0 3.3 3.6 2.4

C 1.8 3.3 0.0 2.8 4.2

D 3.7 3.6 2.8 0.0 2.7

E 3.7 2.4 4.2 2.7 0.0

Closest Furthest



Unweighted kNN Graph
K = 2

A B C D E



Adjacency Matrix Representation
K = 2

A B C D E

A 0 1 1 0 0

B 1 0 0 0 1

C 1 0 0 1 0

D 0 0 1 0 1

E 0 1 0 1 0



Graph Laplacian



Degree Matrix 

A B C D E

A 2 0 0 0 0

B 0 2 0 0 0

C 0 0 2 0 0

D 0 0 0 2 0

E 0 0 0 0 2



Binary Weighted Laplacian

A B C D E

A 2 -1 -1 0 0

B -1 2 0 0 -1

C -1 0 2 -1 0

D 0 0 -1 2 -1

E 0 -1 0 -1 2



Heat Kernel



Heat Kernel Weight Matrix

A B C D E

A 0 0.0031 0.0392 0 0

B 0.0031 0 0 0 0.0031

C 0.0392 0 0 0.00039 0

D 0 0 0.00039 0 0.00068

E 0 0.0031 0 0.00068 0



Heat Kernel Degree Matrix

A B C D E

A 0.0423 0 0 0 0

B 0 0.0062 0 0 0

C 0 0 0.03959 0 0

D 0 0 0 0.00107 0

E 0 0 0 0 0.00378



Heat Kernel Weighted Graph Laplacian

A B C D E

A 0.0423 -0.0031 -0.0392 0 0

B -0.0031 0.0062 0 0 -0.0031

C -0.0392 0 0.03959 -0.00039 0

D 0 0 -0.00039 0.00107 -0.00068

E 0 -0.0031 0 -0.00068 0.00378



Generalized Eigenvalue Problem



Solving the Generalized Eigenvalue Problem

Solve using an online equation solver or python script. 
Attached is the code I used to solve this example:

Eigenvalue Example Solver Script

https://cmailcarletonca-my.sharepoint.com/:u:/g/personal/catherinebarbeau_cmail_carleton_ca/EdFteeJbDihDvT-GtHsrRuABaRN4XKTWARrsmkUmx5kMwg?e=aA1c0q


Solutions From the Script



Constructing the Low-Dimensional Embedding



Constructing the Low-Dimensional Embedding

A B C D E



Recap of the Original Embeddings
A

B

C

D

E



New Lower Dimensional Embeddings



Convergence Guarantee / Analysis



Full Algorithm for Reference (1)



Full Algorithm for Reference (2)
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