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cover the 
most points.
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It’s this one!
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It’s these 
two!



THIS WORKS



THIS WORKS…
For an approximation ratio of 1 −

1

𝑒



There is a PTAS 
(sometimes )

For any 0 < ε < 1, |A| ≥ 1 − 𝜀 | A∗|



Local-Search
𝐿𝑒𝑡 ℓ 𝑏𝑒 𝑎 𝑐on𝑠𝑡𝑎𝑛𝑡 𝑠𝑤𝑎𝑝 𝑠𝑖𝑧𝑒

Maintain a feasible solution 𝒜 ⊆ ℱ with 𝒜 ≤ 𝑘.

We repeatedly look for sets 𝒜′ ⊆ 𝒜 and ℬ ⊆ ℱ ∖ 𝒜

 such that 𝒜′ = ℬ ≤ ℓ and ራ 𝐴 < ራ 𝒜 ∖ 𝒜′ ∪ ℬ .

If such a swap exists, we update 𝒜 ← 𝒜 ∖ 𝒜′ ∪ ℬ.

Stop when no such ℓ−swap exists. 



What is ℓ
𝐴𝐿𝐺 ≥ 1 −

8𝑐1𝑓 𝑏

𝑏
𝑂𝑃𝑇 ≥ 1 − 𝜀 𝑂P𝑇

8𝑐1𝑓 𝑏

𝑏
≤ 𝜀

ℓ = Θ 𝑏2

𝜀 ↓⇒ 𝑏 ↑⇒ ℓ = Θ 𝑏2 ↑



PTAS Proof
For any 0 < ε < 1, |A| ≥ 1 − 𝜀 | A∗|

1. An exchange graph with the exchange 
property for any two feasible solutions A, A*.

2. We require all such exchange graphs to 
belong to some f-separable graph class with 
strictly sublinear f.



An exchange graph with the 
exchange property for any 
two feasible solutions A, A*.

A*1

A*2

A2

A1



We require all such exchange 
graphs to belong to some f-
separable graph class with 
strictly sublinear f.

All planar graphs 
𝑓 𝑛 = Θ 𝑛

And each partition is sized 
so the local set in each 
partition is at most ℓ



Colouring

𝑉𝑖  =  𝑟𝑒𝑔𝑖𝑜𝑛 𝑑𝑖𝑠𝑐𝑜𝑛𝑛𝑒𝑐𝑡𝑒𝑑 𝑓𝑟𝑜𝑚 𝑟𝑒𝑠𝑡 𝑜𝑓 𝑔𝑟𝑎𝑝ℎ 𝑏𝑦 𝑋
𝑋 =  𝑛𝑜𝑑𝑒𝑠 𝑐ℎ𝑜𝑠𝑒𝑛 𝑓𝑜𝑟 𝑠𝑒𝑝𝑎𝑟𝑎𝑡𝑖𝑜𝑛

𝑉 𝐺 = 𝑋 ሶ∪ 𝑉1 ሶ∪ … ሶ∪ 𝑉𝑡

Any edge between 𝑉𝑖and 𝑉𝑗(𝑖 ≠ 𝑗) goes through 𝑋.



Assumption:
There exists a swap of size ≤ ℓ that strictly improves coverage.

𝐿𝑖  = elements lost if we remove 𝐴𝑖

𝑊𝑖  =  elements gained when we add local optimum

𝐿𝑖

𝑊𝑖
< 1 −

8𝑐1𝑓 𝑏

𝑏



Assumption:
There exists a swap of size ≤ ℓ that strictly improves coverage.

𝐿𝑖  = elements lost if we remove 𝐴𝑖

𝑊𝑖  =  elements gained when we add local optimum

𝐿𝑖

𝑊𝑖
< 1 −

8𝑐1𝑓 𝑏

𝑏

We had stated that 𝐴𝐿𝐺 ≥ 1 −
8𝑐1𝑓 𝑏

𝑏
𝑂𝑃𝑇

𝑁𝑜𝑤 𝑤𝑒 𝑎𝑟𝑒 𝑠𝑎𝑦𝑖𝑛𝑔 𝐴𝐿𝐺 < 1 −
8𝑐1𝑓 𝑏

𝑏
𝑂𝑃𝑇



Does that swap exist?
𝐿𝑖

𝑊𝑖
< 1 −

8𝑐1𝑓 𝑏

𝑏

If there is a section Vi where there is a locally
 improving swap

Remove all of A in this section and add 
|A| from optimal to A

This is a strictly improving ℓ swap 
since |A| ≤ ℓ

This cannot be proof by contradiction!



𝐴𝐿𝐺 ≥ 1 −
8𝑐1𝑓 𝑏

𝑏
𝑂𝑃𝑇

Therefore



𝐴𝐿𝐺 ≥ 1 −
8𝑐1𝑓 𝑏

𝑏
𝑂𝑃𝑇

Therefore

ALG ≥ 1 − 𝜀 𝑂P𝑇



𝐴𝐿𝐺 ≥ 1 −
8𝑐1𝑓 𝑏

𝑏
𝑂𝑃𝑇

Therefore

ALG ≥ 1 − 𝜀 𝑂P𝑇

PTAS!
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