Clustering to Minimize Cluster-Aware Norm
Objectives

Tarek Sallam

Carleton University



(f,g)—Clustering

Input:

= X: A set of data points

Y: A set of potential cluster centers

= k> 0: The number of clusters

= d: A metricof X and Y

= f: A monotone symmetric norm (inner-norm)

= g: A monotone symmetric norm (outer-norm)
Goal: Find

= C CY: A set of cluster centers with |C| < k

s g: X — (' Assigns points to centers

That minimizes ® = g(f(d(c))cec)



(f, g)—Clustering

Well-known problems

= k—Median: f=Ly, g=L4

s k—Centers: =Ly, g=Lx:

» k—Means: f= Lo, g= Lo

= Min-Sum of Radii: f =Ly, g= L1



(Topy, £1)-Clustering



(Topy, £1)-Clustering

Case of (f, g)-clustering where:

» f = Top,: Sum of the largest ¢ distances in the cluster

= g = Lq: Sum over all clusters
Goal becomes: Minimize the sum of the largest ¢ distances in each
cluster.

Note: This problem generalizes k-Median (¢ = |X|) and Min-Sum
of Radii (/=1).



(Topy, £1)-Clustering
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(Topy, £1)-Clustering

Why (Top,, £1) objective?

Underlying Clustering KMeans KMedians
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(Topy, £1)-Clustering

We can map this problem to a problem introduced as
Ball-k-Median.



Ball-£-Median



Ball-k-Median

Input:
= X,Y k,d: As before
= p € R>%: A penalty parameter

Goal: Find

= C CY: A set of cluster centers

= r:(C — R: Radius value for each center

Define:
» d"(z,c) = max{d(z,c) —r(c),0}

= |f point is within ball with center x, radius r, distance is 0,
= |If point is outside ball, distance is the distance to the ball

Note: d"(x,c) does not satisfy triangle inequality.



Ball-k-Median

Goal: Find

= C CY: A setof cluster centers

= 7 :(C — R: Radius value for each center

That minimizes:
o = Z min d" (z,c) + pz r(c)
zeX 520 ceC
Let (C*,7*) be the optimal solution, with potential ®*.

Intuition: We pay for the distance of points outside the balls, and
pay a penalty for the size of the balls.



Ball-k£-Median
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Ball-k-Median

Lemma 1

(Topy, L1)-Clustering can be mapped to Ball-k-Median by setting
p=L
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Ball-k-Median

Note: An important property of this problem, is that any optimal
solution (C*,r*) will have an equivalently optimal solution where
the radii r(c*) are equal to some point-to-center distance d(z, ¢*).

for all ¢* € C*.
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Approximating Ball-k-Median

Guessing Large Radii

1. Pick a constant e > 0, t = [g]
2. For each subset ' C Y of size |T'| =t

2.1 For each ¢ € C pick a radius r(c¢) as a distance to some point
d(z,c)
2.2 Output all possible combinations of (7',7)

13



Approximating Ball-k-Median

Lemma 2 (Guessing Large Radii)

= The algorithm runs in O([Y'|'/¢ + | X |"/¢) time.
= One choice of (T, r) will have:

1. TCC* andforallceT, r(c) =r*(c)

2. Forallc* € C*\T

n r7(c") < Icrél;l r(c)

. i < - P
3 rcrél%lr(c)_s/(i%p) o
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Approximating Ball-k-Median

Relaxing k

We now relax k by allowing more centers, however we introduce
X € R>0 to penalize each center used. The objective becomes:

o = med (z,¢)+p Y _r(c) + AC]

zeX ceC
= Z mlnd (x,c) + Z (pr(c
zex © ceC
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Approximating Ball-k-Median

Theorem 3

There exists an algorithm that returns a solution (C,r) with:

B+ 3)|C] < 3(D* + k)
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Approximating Ball-k-Median

Theorem 4

We can obtain a bi-point solution (C1,11),(Ca,12) using binary
search on A, where |C| < k < |Cs| with:

1. TCCrandT C (o

2.1 €CI\T =r1(c1) <e/(3p) - D*

3. 0 € 9\ T = ra(c2) < e/(3p) - D*

4. a®y +b®y < (3+¢)0*, where a = Ltlh and b= LIS
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Bi-Point Solution

Solution (Cy,ry), for k=3, p=3/2
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Bi-Point Solution

Solution (Cy,12), for k=3, p=3/2
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Bi-Point Solution

Both solutions together. T'C C7 and T' C Cy
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Approximating Ball-k-Median

Bi-Point Rounding

= Ifa>1/4
a®y + bPy < (3 4 )P

= &) < 4(3+¢)dx

Then we have a 4(3 4 ¢)—approximation using C4
= |f (I)l S (I)Q

D) = (a+0)®1 < adPy +bPy < (3+¢)Px

Then we have a (3 + ¢€)—approximation using Cy
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Approximating Ball-k-Median

Bi-Point Rounding

= Now we assume a < 1/4 and ®3 < ®;

» Let §(c1, c2) = max{d(c1,c2) — ri(c1) — ra(c2),0} be the
distance between balls ¢; € C and ¢y € Cs.

= For center co € Oy, let ¢1(c2) = arg min d(cq, ¢2)

c1€Cy
= Similarly, for center ¢; € C1, let ¢2(c1) = argmin 6(cq, c2)
co€Cy
= For a point x € X let ¢;(x) = argmin d"' (z, ¢1)
c1€C
= Similarly, for point x € X, let ¢o(z) = argmin d"(z, c2)
caeCy

22
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Approximating Ball-k-Median

Bi-Point Rounding

We match each center co € Cy with ¢1(c2). Let ¢ € C,
denote the subset of centers of C5 that are closest to ¢y:
Ge, ={c2 € C2 | $1(c2) = 1}

The largest radius that is closest to ¢ is: m., = max ro(c2)
c2€ c|

The sum of all radii closest to ¢; is: s¢, = ZchGq r2(c2)
Denote the set of points x € X that are closest to any set of
centers C) C Cy as: X(CY)) = {x € X | ¢a(x) € C4}

Let 7| (c1) = r1(c1) + 2my, be the inflated radius of ¢;
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(Topy, £1)-Clustering
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Approximating Ball-k-Median

Lemma 5 (Generalized triangle inequality)

Given a point x € X, with ¢y = ¢1(x), ca = ¢a2(x), ) = P1(ca),

d" (z, ) < 2d™(z, c2) + d™ (z, ¢1)
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Approximating Ball-k-Median

Bi-Point Rounding

= For all ¢; in C7 we have two choices, we either put ¢y into our
solution or we put all of G, into our solution

1. If we put G, into our solution, we contribute a cost of all the
ca2 € G, with their respective radii .,

2. If we put ¢; into our solution, we enlarge the radii to r1(c1) + me,.
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Approximating Ball-k-Median

Linear Program

(relaxed to allow fractional variables):

max Z Ue, (7‘1(61)p+sclp+ Z [d”(l’,¢2(l'))+d”(1'7¢1(1'))])

c1€C z€X(Geq)

s.t. Z ’U’Cl(‘GClI - 1) <k- |Cl‘

c1€Cy
Ue, € [O, 1], Ve, € Cy
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Approximating Ball-k-Median

Fractional Knapsack LP

Observe that this is the Fractional Knapsack problem.

If we put an item in our bag we add G, to our solution. If we
don't we add ¢ to our solution.

The weight of an item u,, is (|G¢, — 1)

The value of an item is the cost difference between adding
G., and adding c;

Our bag can hold weight at most k£ — |C}].

Fractional Knapsack: We want to maximize sum of value
while keeping the weight of our bag under the maximum (we
can take fractional items)
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Approximating Ball-k-Median

Linear Program

There always exists an optimal solution to Fractional
Knapsack where at most one variable is fractional, and the
rest are integral

We can find this solution in polynomial time

If we solve this LP and all variables are integral, we are done
Suppose there exists one variable: ug that is fractional.

We include the corresponding ¢; in our solution with radius
r1(¢1) and some centers from Gz, \ (TN {é1})

30



Approximating Ball-k-Median

Bi-Point Solution
» Foralleg € Cyr\{a}:

1. If ue, =1 we include all centers co € G, with corresponding
radius 7(cg) < ra(ca)

2. If ue, =0 we include center ¢; with radius
r(er) « ri(c1) =ri(c1) + 2my,

» Add ¢; with radius r(¢1) < 71(¢1) = r1(¢1) + 2mg,, with

a = max ro(c
m CQGGCI\(TQ{El}) 2( 2)

v Add ([ug, |Gé || — 2) centers from Gg, \ (T N {é1}) at
random with radius r(c2) < r2(c2) for chosen ¢y
» Let this constructed solution be (C,r)
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Approximating Ball-t-Median

Theorem 6 (Main Claim)
® < (13.5+ 7.5¢)®*
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Extra Proofs and Algorithms

Extra Proofs and algorithms used
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Extra Proofs and Algorithms

Proof of Lemma 2

1. We look through all subsets of size ¢ with all possible radius
combinations.
2. Same reasoning as 1.

3.
: Z(‘GT T(C)
p-minr(c) < p T
< p ) ZC*GC* r*(c*)
B [3/¢]
<e/3-0*
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Extra Proofs and Algorithms

The algorithm for relaxed ball-k-median
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Extra Proofs and Algorithms

LP Relaxation

Let R. = {d(r,c)}: The set of possible radii for center c.
Our LP relaxation becomes:

min Z Z Z d"(z,c)ver s + Z Z (pr + Nue,r

ce€Y zeX reR. ceY\T reR.

ZZW(“_ Ve e X

ceY reR.
Ve,r,x < Ue,r Vr € X,C & Y,T‘ e RC
quvc,anO VSUEX,CEKTERC

Verq: Fraction of point x assigned to center ¢ with radius r.
uc . Fraction of center ¢ opened with radius
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Extra Proofs and Algorithms

Dual LP

Let R. = {d(r,c)}: The set of possible radii for center c.

Our LP relaxation becomes:

max E Qe

reX

st. ag — Bere <d(z,c) Vee X,ceY,re R,
Zﬁc,r,mgpr‘i‘)\ VCEY\T,’I'ERC
zeX
Z ﬁc,'r‘,x <0 Ve e T, r e R,
zeX
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Extra Proofs and Algorithms

Algorithm Initialization

1. Let T, be the guessed centers and radii
C«0

7(c) < O0forallce Y\ T

ay < Oforallz e X

Beraw < 0forallz e X,ceY,r € R,

Ol 2w
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Extra Proofs and Algorithms

Algorithm Ascent Phase

1. Increase oy uniformly for all z € X
2. While some «; is still increasing:
21 fag — Bere =d (z,c) forsomeceY, z € X,r € Re:
= If ¢ € T Stop increasing
= If c€ Y \T: Increase S, at the same rate as a,
22 If Y cx Bera =pr+ Xforsomecec Y \T,r € Re:
s 7(c) + max{?(c),r}
» O« CU{c}
= Stop increasing «, for all = where fc . >0
= Stop increasing f¢,r. for all z € X

41



Extra Proofs and Algorithms

Algorithm Pruning Phase

1. r(c) < r'(c) forallceT
2. C«T
3. While C' # §):
3.1 Pick ¢ = argmax 7(¢)
eeC
32 C+ Ccu{et
3.3 r(c) + 37(c)
34 C« C \{¢e C | Be,i(c),as Be,i(e),e > 0 for some x € X'}

4. return (C,r)
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Extra Proofs and Algorithms

The analysis for relaxed ball-k-median algorithm
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Extra Proofs and Algorithms

Contributing vs Non-Contributing points

= A point & € X is contributing if for some c € C"
Bei(e)x > 0

= Otherwise, z is non-contributing.

= We denote X, as the set of points contributing to center c.
Xe={z € X | Be(e)c > 0}

44



Extra Proofs and Algorithms

Lemma 7 (Contributing Points)

o> ae= > D d(ze)+p Y, )+ AC\T|

ceCzeX, ceC\T ze X, ceC\T
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Extra Proofs and Algorithms

Proof of Lemma 7

= For any ¢ added to C in the ascent phase:

Z Bc,'f‘(c),z = p"ﬁ(c) + A

reEX,

= For any contributing point z € X_:

Qg — Bc;ﬁ(c),m = df(pv C)

s Xy =0 foralld eT

46



Extra Proofs and Algorithms

Proof of Lemma 7

Z Z Qg = Z (Z (Oém - ﬂc,f‘(e),x) + Z Bcf(c),a:)

ceCzeX, ceC\T \z€Xc rze€Xc

= (Z df(:x,c)—kpf(c)%-)\)

CGC\T reXc

= > Y d@c)+p D #e)+AIC\T]

ceC\T z€X. ceC\T
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Extra Proofs and Algorithms

Lemma 8 (Non-Contributing Points)

For all non-contributing points x € X \ (U.cc Xc),
there exists a center ¢ € C' such that:

d"(z,c) < 3ay
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Extra Proofs and Algorithms

Proof of Lemma 8

= Let ¢ and 7 be the center and radius that caused a, to stop
increasing in the ascent phase.

s If ¢ e C, then:

d"(z,&) < d'(z,¢) < d(z,8) = ap — bers < O < Sar
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Extra Proofs and Algorithms

Proof of Lemma 8
» Suppose ¢ ¢ C

s There exists some ¢ € C and 2’ € X such that 2’ contributed to
both ¢ and ¢ in the ascent phase
= 7(c) > 7(¢)

= Since 2/ contributes to ¢, the a,/ stopped increasing no later then
when & was added to C.

= Since x does not contribute to ¢, a, could have continued to

A

increase after ¢ was added to C'

» So, oy > vy
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Extra Proofs and Algorithms

Proof of Lemma 8

d"(z,c) = d* (z,c)

= max{d(x,c) — 37(c),0}

< max{d(c, z')+d(2',é) + d(é,x) — 3?(6),0}

< max{d(c,z’) — #(c),0} + max{d(z’, &) — #(c),0}
+ max{d(¢,x) — 7#(c), 0}.

< max{d(c,z") — #(c),0} + max{d(z’,é) — 7(¢),0}
+ max{d(¢,z) — 7(¢),0}

=d"(a',c) + d"(2', &) + d" (z,¢)

< ag + 20y

< 3ay

Hil}



Extra Proofs and Algorithms

Proof of Theorem 3

Define X¢ = J e Xc

O+ 3NC\T| - Z pr(c)

ceT

< ind"
< Z min d"(z,c) + Z pr(c) +3AC\ T|

reX ceC\T

< Z Z d"(z,c) + Z rcrélg d"(z,c)

ceCzeX, rzeX\Xc

+ > pr(e) +3MC\ T

ceC\T
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Extra Proofs and Algorithms

Proof of Theorem 3

< Z Z d"(z,c) + Z rcrélg d"(z,c)

ceCxeX, rzeX\Xc

+ > 3i(c)p+3AC\T]

ceC\T
< " in d"
<D et min d"(z, c)
ceCzeX, zeX\Xc
<3
reX
< 3 . r* /* * [ %
< Juin d" (z,¢") +3 S (prt(e)+ N
zeX cxeC*\T
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Extra Proofs and Algorithms

Proof of Theorem 3

O +3NC\T| =D pr(c)+ > (pr(c) +3)

ceT ceT
<3Z(Héln*d z,c*)+3 Z (pr=(c") + A) +32pr )+ A)
zeX c*€CH\T ceT

= O+ 3\|C| < 30" + 3\k
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Extra Proofs and Algorithms

The binary search algorithm on )\

55



Extra Proofs and Algorithms

Binary search on )\

1. )\1 < |X| ‘dmaas

2. Consider the solution that would be returned by algorithm,
(C1,m1)

3. Now by removing all centers ¢ € C where ¢ ¢ T', we increase the
cost by at most | X| - dpax

4. We decrease cost by at least | X| - dpax
5. This gives us a new solution (C1,r;) with |Cy] <k

6. And &1 + 3)\1’01‘ < (I)/l + 3)\1|Cﬂ < 3((19* + /\1]{)
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Extra Proofs and Algorithms

Binary search on )\

1. Ao <0

2. Consider the solution that would be returned by algorithm,
(C3,73)

3. We add centers ¢ € Y where ¢ ¢ CY with radius 7(c¢) = 0 until we

have at least k centers
4. This gives us a new solution (Cy,r2) with |Cy| > k

5. We cannot increase the cost ®; = &/, since Cy O €’ and
r(c) = 0 for all new centers.

6. S0, g + 3A|Ca| < Bh + 32| Ch| < 3(D* + Agk)
b7



Extra Proofs and Algorithms

Binary search on )\

= Notice |[C1|N|Ce| C T

» If cg € Cy but ¢ ¢ C1, then ra(co) =0
= pra(c2) < ed*

» Ifc; € Cy buteg € Co, theney €T
= pTl(Cl) < ed*

= Also note that increasing A decreases |C|, since we larger A
penalizes opening centers more.
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Extra Proofs and Algorithms

Binary search on )\

Since we have a monotone relationship between A and |C|, and our
two constructed endpoint solutions have |C1| < k and |Cs| > &,
with potential preserved, we can perform binary search to find
solutions that are close to k.

1. Perform binary search with A € [0, |X| - dnaz]-

2. We find the midpoint of the interval A, = (A1 + A2)/2
3. With the solution (C},,7/,) returned by the algorithm:
4. If |CL| >k, set Ay < Ay, and (Ca,1r2) < (Ch . rl)

5. If |Cl,| < k, set Ay < A, and (C1,71) < (C),,70)

6. Repeat until [\ — Xo| < (edumin)/3|Y] >



Extra Proofs and Algorithms

Proof of Theorem 4

1. We fix T for any solution in the interval (0, |X| - dinmae) and we
have shown that 7" is a subset for both endpoint solutions.

2. For any solution in the interval (0,|X| - dmaz),
3r(c) = 7(c) < mig r'(d) <e/(3p)D*
ce
=r(c) < e/pd*

3. We have also shown this for both endpoint solutions already
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Extra Proofs and Algorithms

Proof of Theorem 4.4

Observe a + b = 1 and a|C1| + b|Ca| = k.

ady + bdy

INIAN IAIA

INIA

a(®1 + 3A1[C1]) + b(P2 + 3X2[C2|) — 3(aX1|C1| + bX2|C2|)
3a(®* 4+ A1k) + 3b(®™ + Aok) — 3(aX1|C1| + bA2|C2])

3(a + b)®* + 3al1k + 3bA2k — 3(aX1|C1| + bA2|C2])

30" + 3(a + b)A1k + 3b(A2 — A1)k — 3(aX1|C1| + bA2|C2])
3®* + 31k + 3b(Aa — A1)k — 3(aA1|C1| + br2|C2])

3@ + 3X1(a|C1| + b|C2]) + 3b(A2 — A1)k — 3(aX1|C1| + bA2|C2])
33" 4 3bA1|C2| + 3b(A2 — A1)k — 3bA2|Ca|

3% + 3b(\2 — A1)k — 3b|C2[(A2 — A1)

30" 4+ (A2 — \1)(3bk — 3b|C2))

3®" + |X\1 — A2]||3bk — 3b|C2|

3®" + |1 — A2|3b|C2| because 0 < 3bk < 3b|Ca|

3®" + edminb|C2l/|Y|

30" + er(c)b|C2|/|Y] for some ¢ € T

38" + er(c) since b|Ca| < k < |Y]

(3+e)@™
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Extra Proofs and Algorithms

Bi-Point Rounding

62



Extra Proofs and Algorithms

Proof of Lemma 5

4"t (z, ¢)) = max{d(c},z) — r'(c,),0}
= max{d(cy,z) — r1(c}) — 2m,, 0}
< max{d(c},z) — ri(c}) — 2ra(c2), 0}
< max{d(z,c3) + d(ca, cy) — ri(c}) — 2ra(c2), 0}
< max{d(z,cz) — ra2(c2),0} + max{d(ca, c}) — ri(c}) — ra(c2),0}
=d"(z,co) + (), ca)
< d"™(x,co) + 6(c1,c2)
=d"(x,co) + max{d(cy, ca) — ri(c1) — ra(c2), 0}
< d"™(z,c2) + max{d(c1,x) + d(x,c2) —ri(c1) — r2(c2),0}
< d"™(x,c9) + max{d(z, ca) — ro(x2),0} + max{d(c1,x) — r1(z1), 0]

=2d"(x,c0) +d™ (z,¢1)
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Approximating Ball-k-Median

Bi-Point Rounding

= For all ¢; in C7 we have two choices, we either put ¢; into our
solution or we put all of G, into our solution. Then our

1. If we put G., into our solution, we contribute a cost of all the ¢; € G,
with their respective radii .,

2. If we put ¢ into our solution, we enlarge the radii to r1(c1) + 2me, .

= If we choose all centers in G, x € X(G,,) is either closest to
some ¢y € G, or some other ¢} € C;

= So the cost of choosing this is at most:
min d"(z, c2) + ¥o,eq., pra(ce)

Cc2 1

D weX(Gey)
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Extra Proofs and Algorithms

Bi-Point Rounding

= If we choose ¢; with radius 7| (c1) = r1(c1) + 2me,

= Our cost becomes: 3, c x4, (2)=c, d" (z,¢1) + p(ri(c) + 2me,)
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Extra Proofs and Algorithms

Bi-Point Rounding

= Notice that (r1(c1) + 2me, )p < (r1(c1) + 256, )p

= So we save at most (r1(c1) + s¢, )p from the radii cost, by
choosing G, for our solution

= Notice that d"1(z,¢) < d"1(z, ¢;) with ¢ = argmin d"1 (x, ¢) and
ceCq

by Lemma 6, d"1(x,c1) < 2d"(x,c2) + d™ (z, ¢), where ¢ € Ge,,
for any z € X (G, )

= So we save at most d"2(z, c2) + d" (z, ¢(x)) for each point
x € X(G,,) from the point cost, by choosing G, for our solution.
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Extra Proofs and Algorithms

Bi-Point Rounding

= Naturally we want to save as much cost as possible.

» Let u,, =1 if we add G, to the solution and u., = 0 if we add
c1 to the soluton.

= Then we save at most

Y w () +sa)ot D @@ 0a@) + 4 41 (@)

c1€Cy z€X(Gey)

= However, we can't select every GG, because we must keep the size of
our center set < k

= Some u, will be 0. So we have an LP
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Extra Proofs and Algorithms

Knapsack LP

= We know the objective, but what are the constraints?

= The number of centers we have must be < k so:

Z uCl'|GC1|+(1_uC1>'1§k

01601
= Z (u01’Gc1’_uc1)+ Z 1<k
c1€Cy c1eCy
= Y te (|Gal -1) <k -0
c1e€Cy
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Approximating Ball-t-Median

Lemma 9 (Center feasibility)

IC| <k
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Extra Proofs and Algorithms

Proof of Lemma 9
= We add at most ug, |G¢, | — 1 centers from Gz, and we add &
itself, which totals to ug |Gg, | centers

= For ¢; # ¢ we add 1 center if u., =0 and we add |G, | if
ue, = 1, which totals to

Z ucl(’Gc1D+(1_ucl)-1

c1 601\{61}

=[Gl -1+ Y (|Gl —1)
ceCi\{é1}
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Extra Proofs and Algorithms

Proof of Lemma 9

By our LP constraint:

Z Ue, (|Gey| — 1) +|Ch| <k

c1eCq
:>U51(|G51|_1)+ Z uC1(|G01|_1)+‘Cl| <k
ceCi\{é1}
= uz |Ga |+ Y. U (|G| 1) +|Ci] —1<k—1+ug
cieCi\{é1}
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Approximating Ball-k-Median

Lemma 10 (Portion of centers added)

Let G%, = Gg \ (T'N{¢1}) and let the ratio of centers added to

ug; |Gk, |12
our solution from G, be ps, . That is pz = % Then
@l

(1 —p51)

<3
(1 - u51>
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Extra Proofs and Algorithms

Proof of Lemma 10
» If ug, <2/3 then 1 —ug > 1/3, so we have:

(1 _pél)

(1—U51> g(l_pﬁl)?’gg

» We now assume ug > 2/3
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Extra Proofs and Algorithms

Proof of Lemma 10

= Let v be the integer such that w+1 <ug < %

= Such a ¢ exists because

1. Ug, € (0,1)

2. 0< for ¢ € >0

w+1
3. limy ;oo g7 = 1

= Then we have: ﬁ >1—wug > ﬁ

74



Extra Proofs and Algorithms

Proof of Lemma 10

= The capacity constraint in an optimal solution of Fractional
Knapsack is binding

= So we have that Y. cc, ue, (|Ge, | — 1) = k — | X1
= k— |X1|is an integer

v U, (|Gey | — 1) = (|Gey | — 1) or ue, (|Gey | — 1) =0, for all
c1 € C1 \ {¢1}. In either case u., (|G, | — 1) is an integer.

= Since the sum all integers and ug (|G, | — 1) equals an integer,
ug (|Ge | — 1) must be an integer.
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Extra Proofs and Algorithms

Proof of Lemma 10

I |G51|717U(~11(‘G51|71) 1
= ] — U = Gz, -1 < sy

So: 1 < |Gg| —1—ug (|Ge, | — 1) is an integer

And: |G| — 1 is an integer

= So |G| —1>9Y+1= |G| >9Y+2
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Extra Proofs and Algorithms

Proof of Lemma 10

|Ge,| — (Juey [Ge |1 =2) _ 1 —ue +2/|GE |

|GZ (1 — ug ) B 1—ug
|G% (1 — ug)
o 2(¢y +2)
- (€
<1420%2)
v+ 2
<3

7



Approximating Ball-k-Median

Lemma 11 (LP Feasible Solution Bound)

The solution u., = b for all ¢c; € C is a feasible solution to the LP
and has value equal to:

by (nleptsapt Y [d(2,01(2) +d7(z, ¢2(2))])

c1€C 2EX(Gey)
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Approximating Ball-k-Median

Proof of Lemma 11
= The value of the solution follows directly from the LP

= |t is feasible since

. k—|C
1. be0,1], since b= ATt and [Cy] > k

Y ua(Gal-1=b Y (G, —1)=b(Y |Gl > 1)

c1€C c1€Cy c1€Cy c1€Cy

= b(|Ca|=[C1]) = b|C2|—(1=a)|C1| = a|C1|+b|Ca|=|C1| = k—|C1| < k
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Approximating Ball-k-Median

Lemma 12 (Bounding the cost to the LP)

Let U be the value of the optimal solution to the LP and let ® be
the cost of our solution (C,r) constructed from (C1,r1) and
(Cq,13). Then we have

2<3Y (nle)pt2sapt Y [d7(w ¢1(@)+2d7 (, 2())])

ceCy T€X(Gey)

—3U + 30"
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Extra Proofs and Algorithms

Proof of Lemma 12

By Lemma 6, for some ¢; € C where u., = 0 we have the cost
associated to ¢y as:

D) S N ()
z€X(Geq)

<ri(e)p+2mep+ > d" (2, g1 (¢2(x)))
z€X(Gey)

<ri(ci)p+2s¢,p + Z 2d"? (z, po(z)) + d"* (z, p1(x))
x€X(Gey)

:7“1(61)[)4'2801,04' Z 2dr2(xa¢2($)) +drl<x7¢l($)>
z€X(Gey)

— ey (r(e)p+sap+ Y A (w,60(2) +d (2, n (2)))
r€X(Gey)
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Extra Proofs and Algorithms

Proof of Lemma 12

For some ¢; € C'; where u., =1 we have the cost associated to c;
as:

Y rale)p+ Y di(x,g(c2))

c2€Gey 2€X(Gey)

=sap+ Y, di(z,¢(c2))

.’I?EX(GCI )

:Tl(cl)P+ 2361p+ Z 2dr2($7¢2(x)) + d" (35'7(251(1'))
2€X(Gey)

— g (ri(er)p+ sep+ Y Az, 0a(w) + d™ (61 (x))

IGX(Gcl )
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Extra Proofs and Algorithms

Proof of Lemma 12

Z (rl(m)p—O—chlp—F Z dn (1301))

c€C13ucy =0 z€X(Geq)

+ ) (sqp+ Y. d(x,42(2)))

c1E€C1;5uc =1 z€X(Gey)

< Y (ledrtsapt Y [0 @ 01@)420 (@, 62())])

c1€C1;uc; €{0,1} z€X(Gey)

=Y wa(nloptsant Y [0 6 @) @ 62(2))])

c1€C1;uc, €{0,1} z€X(Gey)
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Extra Proofs and Algorithms

Proof of Lemma 12

= Now we have to bound ¢ cost.

= Forany ¢ € G’C~1 we have 72(c2)p < e®*. This inequality holds
for all ¢ ¢ T', so it is only not true if co € T', and by definition of
G%,. ca # ¢1. However if ¢y € T' then ¢; € Cy since T C Cy. Then
¢y € G, rather than G’é1 which is a contradiction.

= The radii cost of using center ¢; is
r1(€1)p +2mg p < 1r1(61)p + 2eP*
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Extra Proofs and Algorithms

Proof of Lemma 12

= The expected radii cost of using center cp € G%, is:

per2(c2) < ug ra(c2)p
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Extra Proofs and Algorithms

Proof of Lemma 12

= If we connect some point z € X(G¢,) to ¢ we have a cost of
dr (x,¢1) < 2d2(z, po(x)) + d™ (z, p1(x))

= If we connect some point € X(G¢,) to some ¢a € Gz, we have
a cost of d"2(x, p2(x))

= So the expected point cost for some point z € X'(G¢,) is:

(1 = p& ) (2d" (2, p2(2)) + d"* (2, 1(x))) + ey d” (2, da(x))
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Extra Proofs and Algorithms

Proof of Lemma 12

Using Lemma 8 we have:

Y (1-pa)2d% (2, ¢2()) + d7 (2, 61(2))) + pe 7 (, 2 ()

z€X(Gzy)

= Y (1=pe)(d™ (@, ¢2(2))+(1—pe )d™ (2, 61 (2)) +d™ (, $a())

z€X(Gzy)
<3 Z (1 u51)<dr2($7¢2(x)))+(1_u51>drl(‘r’¢1($>)+dr2(x7¢2(‘r))
z€X(Gsy)
=3 3 (2 ue,)(@ (2, 62(x))) + (1 — ug)d" (2, 61(x))
reX (Gey)
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Extra Proofs and Algorithms

Proof of Lemma 12

If &, € T itis in G, but not G Then from summing the terms

found above we have:

r1(é2)p + 2eD* + Z ug ra(c2)p
czEG%l

+3 ) (2 ug)(d(x, ¢2())) + (1 —ug )d"™ (2, ¢1(2))
reX(Ge;)

= (1 — ug )r1(€1) + ug r1(é1)p + 2eD™ + Z ugr2(c2)p
CQEG%l

+3 ) (2—ue)(d™(z, 62(2)) + (1 — ug )d™ (z, $1(2))

wEX(Ggl )
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Extra Proofs and Algorithms

Proof of Lemma 12

= (1 —ug, )r1(é1)p + 2eP* + Z ug ra(c2)p
c2€Ge,y

+3 ) (2—ug)(d (2, 62(2)) + (1 — ug )d™ (z, ¢1(2))

wGX(G&l )

= (1 = ug)ri(é1)p + 2eQ" + ug s¢, p
+3 Y (2-ue)(d? (@, ¢2(@)) + (1 - ugy)d™ (z, 61 (x))

xeX(Gal )
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Extra Proofs and Algorithms

Proof of Lemma 12

< (1 —ug )r1(C1)p +2e@* + (2 — ug, )Se, P
+3 ) (2—ug)(d? (2, ¢2(2))) + (1 — ugy )d™ (2, d1(2))

IEX(Gal )

<3(ri@p+2sap+ Y (247 (x,62(2)) +d" (z, 61())))

mEX(G&l)

“3ug, (r1(@)ptsapt Y (@22, da(@)d (z, 61(x))) +262"
z€X(Gey)
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Extra Proofs and Algorithms

Proof of Lemma 12

If ¢, ¢ T then r1(é1p) < eP* so we have:

?"1(62)p—|—2€q>*+ Z U517“2(02)P
chGél

+3 ) (2 ug)(d2 (2, ¢2(2))) + (1 — ug )d™ (z, ¢1 ()

xGX(Gal)
< 3™ + Z ugr2(c2)p
c2€Ge,y
+3 Y (2—ue)(d2 (@, 62(@))) + (1 — ug, )d™ (z, $1(x))
:EGX(Gal)
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Extra Proofs and Algorithms

Proof of Lemma 12

= 3e®" +uéy s p+3 Z (2—ug )(d™ (z, p2(x)))+(1—ug, )d™ (x, p1(z))
z€X(Gzy)

< 3ed* + (2 — u61)551p
43 3 (2—up)(d(x, ¢2(@))) + (1 — ug, )" (, 61 ()

z€X(Gey)
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Extra Proofs and Algorithms

Proof of Lemma 12

<3(r@p+2apt 3 (24w 6a(0)) + @, 1(2))) )

reX (Gey)

_3Uml (T’l(Cl)p + Sé, P + Z drz .CE ¢2( ))dm (I, ¢1(I)))> + 3ed*

z€X(Gzy)
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Extra Proofs and Algorithms

Proof of Lemma 12

By summing over each ¢; € C1;ugeqo,1y and adding the cost
associated with ¢; we obtain:

O <33 (ri(e)p+2sept Y. [0 (2, 61(2))+2d (x, 6a(2))])

ceCy z€X(Gey)

—3U + 3¢®*

94



Approximating Ball-k-Median

Proof of Main Claim

= By Lemma 10 we have:

<3 (rle)p+25ep+ Y (247 (3, 62(x)) +d" (z,61(2)))

ceCy TE€X(Gey)

—3U + 3c®*
= Then substituting in Lemma 9 we have:

3 (r(e)p+2sept D (207 (x,62(2)) +d" (x,61())))

ceCy 2EX(Ge,)

=30 3 (rle)ptsapt Y. (d7(2,¢a(@) +d" (@, 61(2)))) + 322"

ceCy z€X(Gey)
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Approximating Ball-k-Median

Proof of Main Claim

= We know that a + b = 1:

®<3 Y (ari(c)p+(1+a)sep
c1eCq

+ > (ad(z,61(2) + (1 + a)d™ (w, 63(2))) ) + 3"

.’I?EX(Gcl )

= 3aP; + 3(1 + a)<I>2 + 3ed*
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Approximating Ball-k-Median

Proof of Main Claim

= Sincea<1/4,a<b

= And a®; + bPy < (3 4 €)D*

= So we have:

O < 3(aP; + (14 a)P2) + 3cP”
=3(a® + bP2 + (1 +a — b)Py) + 3cD*
<3B+¢e)P"+3(1+a—b)dPy+ 3cd”
= (9 + 6¢)P™ 4 6aDy
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Approximating Ball-k-Median

Proof of Main Claim

n Py < (34¢)P* < Py, sincea+b=1, a®; + bPy < (3 +¢)P*,
and (I)l > ‘I)g. So

® < (9 + 62)P* + 60D

< (9 + 6)D* + 6/4D,
< (94 6¢)@* +6/4(3 +¢)P"

< (13.5 + 7.5¢)®*
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