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The Problem

Given the set of n points on the plane S.

Compute a closet pair (P,Q) in S such that:

d(P,Q) = min{d(p,q) : p, €E S, p # q}

Solution

Present randomized incremental algorithm store the points 1n a grid.
The worst-case running time is O(n?logn).

Using hashing table with expected time improves to O(n).
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What 1s d-grid and how to store points 1n 1t?
How to compute closet pair distance of set S?
How many points 1n one cell?

How the total running time 1s improve?

The randomized algorithm



Algorithm

Let S = {p1,p2y...,Pn} be a set of n points in the plane. The algorithm computes a closest
pair in the set S; = {p1,p2y...,pi} fori=2,3,...,n.

1. i:=2; CP-distance = d(p1,P2);
2. for i =3,4,...,n, given the CP-distance d of S;_;, compute the CP-distance of S;.

In the for-loop, we store the points of S;_; in a d-grid. To compute the CP-distance of S;,
we compute the distance beween p; and all points in the 9 cells around p;. If the CP-distance
does not change, we add p; to the d-grid. If the CP-distance changes, we store all points of S;
in a new grid.



What 1s d-grid how to store points 1n 1t?
d
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The id of a cell with lower-left corner (id,jd) is (i,j). The point p = (px,Py) is in the cell
with id = ([p«/d], [py/d))



How to compute closet pair distance of set S?

Store points of Si_; in d-grid

Let S = {p1,p2y...,Pn} be a set of n points in the plane. The algorithm computes a closest
pair in the set S; = {p1,p2,...,pi} fori=2,3,...,n.

1. i:=2; CP-distance = d(p;,p2);
2. fori=3,4,...,n, given the CP-distance d of S;_;, compute the CP-distance of S;.

In the for-loop, we store the points of S;_; in a d-grid. To compute the CP-distance of S;,
we compute the distance beween p; and all points in the 9 cells around p;. If the CP-distance
does not change, we add p; to the d-grid. If the CP-distance changes, we store all points of S;
in a new grid.



How many points in one cell?

d/2




How the total running time 1s improve?

Total running time after n interation:
binary search tree : O(n?logn)
hasing table : O(n?)
If we need to make new grid, for example
iteration 1: store p;, then add p, we get CP-distance = (p;,p;).
iteration 2: add p3; we get CP-distance = (p2,p3).
iteration 3: add ps we get CP-distance = (p3,pa).
iteration 4: add ps we get CP-distance = (p4,ps).

pl p2 p3 p4 pd

If we do not need to make new grid by changing the order of point to store in the grid as
below.

iteration 1: store p1, then add p; we get CP-distance = (p1,p2).

iteration 2: add p; we get CP-distance = (p1,p2).

iteration 3: add ps we get CP-distance = (p1,p2).

iteration 4: add ps; we get CP-distance = (p1,p2).

po p4 p3 p2 pl



The randomized algorithm

X, — 1 if the grid changes in iteration i
| 0 if the grid does not change in iteration i

X =0(n) + ixi - 0()
i=3

E(X) =0(n)+ ) E(Xi)-O(i).
i=3

E(Xl) = Pr(Xi = ]).
use a binary search tree

E(Xi) =Pr(Xi=1) = 2/i. X=O(nlogn)+zxi'0(ilogi)

i=3

n 2 n
EX)=0(m)+) -0()= 1)=0(n).
(X) =0(n) + 23 O(i) O(n)+§0( ) =0(n) E(X) = O(nlogn).
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