Convex Co-Embedding for Matrix Completion with Predictive Side Information

Supplementary Material

1. Proof of Proposition 2

Proof: With the definitions of h, AY and Q, it is easy to
see that the first two terms of the objective function in (9),
denoted as g(M), can be re-expressed as below

g(M) = (XA =AM +1b" |7 + Qo (v/pAM — /pY)| %
— 1nz o ((XA ~AM+1b" - oN,L) 1%+

Q0 (v/pAM +0b" — \/pY)|%
=|Qo (AM +hb" —Y)|%

Hence the minimization problem (9) is equivalent to the
following problem

min Qo (AM +hbT — ¥)|F + || M|,
which is known to be equivalent to (11) by changing the

nuclear norm regularizer into an inequality constraint with a
proper T value. |

2. Proof of Theorem 1

Proof: The proof is given by presenting the following two
lemmas. First, the relationship between the expected risk
and the empirical risk can be built by applying the following
lemma with Rademacher complexity.

Lemma 1 (Chiang, Hsieh, and Dhillon 2015, Lemmal) Let
Ly be a Lipschitz constant for the loss function { with re-
spect to its first argument, and assume it is bounded by B,.
Let R(Fo) be the empirical Rademacher complexity of the
Sfunction class Fg defined as:
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where o = {01, ,0,} are independent uniform {£1}-
valued random variables. Then for a constant 0 < § < 1,
with probability at least 1 — § for all f € Fo we have the
following bound on the expected risk
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Ro(f) < Re(f) + 2Bq [R(Fo)] + Be

It is clear that the expected risk is determined by both the
empirical risk and the model complexity Eg, [R(Fe)]. The
model complexity is related to the input features and the
model structures, which are captured in {A, h, b}. It is also
related to the constraint over M, which limits the space of
the feasible function class. Assume ||b||5 is upper bounded
by B, i.e., |b|l2 < Bp. Below we provide a bound on the
model complexity in terms of the properties of these related
components.

Lemma 2 Let K = max (ﬁ, max; /|| X33 + 1), q =

VNBy, niax = max(2N, L) and dyax = max(d + N, L).
Then the model complexity of the the function class Fg is
upper bounded by:
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where C is a universal constant.

Based on our definitions of A and h, it is easy to verify that
k = max; || A;||2 and |hb " || < g. This Lemma can then be
derived from the Lemma 2 of (Chiang, Hsieh, and Dhillon
2015) with its right side feature matrix as an identity matrix.

With the closed-form solution for b in (12), an upper
bound for the Euclidean norm of b can be derived as fol-
lowing:
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Note if the feature matrix X is already centered by its zero
mean vector (a typical preprocessing step),i.e., 1T X =0T,
then we will have

~ 1 T
* _ T 2, - _ T
B; T\/||(1 X)/N||;, + NI
and
||hbT||t,. <g=VNB; =T

By combining Lemma 1, Lemma 2 and the ¢ value de-
rived above, we can get the upper bound for the expected
risk of an optimal solution in Theorem 1.

3. Sample Complexity

The bound in Theorem 1 suggests a sample complexity of
O(7210g Nnay ). Below we provide a derivation for the up-
per bound of 7.



First by replacing b with the closed-form solution (12),
we can re-express the empirical risk function in (11) as:

120 (AM —Y)|%,

where A = [HXA — HA; VPAland H = Iy — %117,

Now we construct a feasible solution while producing
the constraint parameter 7 simultaneously. Let 7,(-) be a
thresholding operator with parameter £ such that 7,,(z) =
zl(y>,). Given the SVD of A such as A = Y, oyu;v/,
where o; denotes the i-th largest singular value, we define
A, = >, 01Tu(oi/o1)u;v, . For p € (0,1], we consider
setting 7 = || M || for a feasible solution M

M = argmin, [[A,M — Y% = (A A,) ALY (1)
We then have the following lemma, which shows that the
nuclear norm of M is upper bounded by O (y/Tomax):

Lemma 3 Given . € (0,1], & = max; [|A;]|2 and X\ =
% Let 7, = rank(Y") = rank(Y). Then with a uni-
versal constant C’, we have
~ \//jfy Nmax
M|y < Y uV Tmax 2
|31, < Y @
Proof: Since

M= (AJA)TATY

nw
Then
[Mler < [[M|lspPy = (A A) T ALY [|spy
< N A spllAullspllY [lspPy

We use o, to denote the largest singular value of A > and
05 to denote the smallest singular value of A u; thus o6 >
uo,. Based on Lemma 5 of (Chiang, Hsieh, and Dhillon
2015), we then have o, > C’ A:V/2N. Moreover, based
on the definition in (10) and equalities of matrix norms, we

have |Ysp = IV lsp < VNL||Y |lmaz = v/pNL, where
the norm ||Y'|| ;02 = max;; |Y;;|. Thus
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For low-rank Y, 7, is much smaller than the size of Y, this
Lemma shows the || M||;, is upper bounded by O(y/Tmax)-

Since || M ||;, is obtained from the unconstrained problem
without considering the nuclear norm constraint, we can
choose O(y/Tmax ) as an upper bound for 7.

4. Proof of Proposition 3
Proof: The gradient Vg(M ) can be computed as

Vg(M)=2(XA-A)THXA-AM
+204 (Qo (AM —Y))

Let O = [04,; Q). Then for any two matrices, M €
RE+N)XL and M € RUEANXL e have

IVg(M) — Vg(M)|r

—[|20(M — M) + 20 (Qo (M ~ M) |Ir
<2|D(M — M)|r + 2p|| M — M)

=2 HIL ® I' Vec(M — J/\4\)H2 +2p||M — M||p
<21 T, || Veo(M — )]s + 20 M — M|
= 20umax (D) | M — M| 5 + 2p||M — M]|

where ® denotes the kronecker product of two matrices;
Vec(+) is the vectorization operator; and o, () denotes the
largest singular value. It is then straightforward to show n*
is the Lipschitz constant of Vg with

IVg(M) — Vg(M)||p < n*|M — M|, forany M, M.

This n* ensures the update in Algorithm 1 satisfies the
conditions of (Beck and Teboulle 2009)[Theorem 4.4], and
hence Algorithm 1 has a quadratic convergence rate. |
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